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On the SDP Relaxation of Direct Torque Finite
Control Set Model Predictive Control
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Kurpisz

Abstract—This paper formulates a semidefinite programming
relaxation for a long horizon direct-torque finite-control-set
model predictive control problem. In parallel with this relaxation,
a conventional branch-and-bound algorithm tailored for the
original problem, but with an iteration limit to restrict its com-
putational burden, is also solved. An input sequence candidate
is extracted from the solution of the semidefinite program in the
lifted space. This sequence is then compared with the so-called
early-stopping branch-and-bound solution, and the best of the
two is applied in a receding horizon fashion. In simulated case
studies, the proposed approach exhibits significant improvements
in torque transients, as the branch-and-bound alone struggles to
find a meaningful solution due to the imposed limit.

Index Terms—Power electronics, model predictive control,
semidefinite programming

I. INTRODUCTION

Direct model predictive control (MPC) methods, which
combine control and modulation into one stage by directly
manipulating the switching positions of a converter, have
garnered significant attention within the power electronics
community [1]–[3]. Among these methods, finite-control-set
MPC (FCS-MPC) has especially gained prominence due to
its intuitive design, straightforward implementation, and high
dynamic performance. Since the switch positions are discrete
variables, FCS-MPC results in an integer program. Its first
variants utilized a horizon of one step and an exhaustive enu-
meration as solution approach [4], [5]. Subsequent studies re-
vealed that long horizons play a crucial role in mitigating har-
monic distortion, and increasing the stability margin [6], [7].
Nonetheless, they render the exhaustive enumeration approach
computationally infeasible. Whenever a linear prediction
model is available, an efficient variant of a branch-and-bound
algorithm called the sphere decoder has been shown to enable
the use of long horizons within short sampling intervals [8].

Our interest lies in direct-torque FCS-MPC (DTFCS-MPC),
in which the torque and stator flux magnitude are controlled
along their references. DTFCS-MPC constitutes an important
class of long horizon FCS-MPC. In particular, the prediction
models have nonlinear input-output relations. In case the
state-update function is linear except a nonlinear operation
on the input itself, e.g., the absolute value operator found
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in the linearized neutral-point dynamics of a three-level
neutral-point-clamped (3L-NPC) converter, the work in [9]
has shown that one can lift the input space by augmenting
it with the so-called “pseudo-inputs” and implement the
sphere decoder in the lifted space. When dealing with torque,
the output function involves a nonlinear mapping from the
states, rendering this approach inapplicable. On the other
hand, the slack variables associated with certain nonlinear
constraints, e.g., on the switching frequency, have recently
been integrated into the sphere decoder, while still maintaining
its computational efficiency [10]. Nevertheless, this approach
is applicable only if a computationally lightweight, non-trivial,
and provable lower bound exists for the future cost to be
incurred from the slack variables; and no similar readily
computable bound exists for any term involving torque.

For the aforementioned reasons, the long horizon FCS-
MPC literature commonly adopts the concept of field
orientation [11], see [9], [12]–[14] for example. This notion
enables the mapping of torque and flux references to stator
current references through outer loops in the synchronous
dq-frame aligned with the angular position of the rotor flux
vector [15], [16]. By doing so, this approach circumvents
the nonlinear relation by capitalizing on the linearity of
the current dynamics. Nevertheless, it is widely-recognized
that controlling the torque directly maintains a consistent
high-bandwidth torque control across various operating con-
ditions [17]–[20], especially when high switching frequencies
are not viable, as in medium-voltage applications [21].

An alternative approach to solve DTFCS-MPC is to develop
a conventional branch-and-bound algorithm [22], [23]. During
transients, when a meaningful initial guess is unavailable, such
heuristics may necessitate traversing a large portion of the
decision tree before identifying the optimal solution. Since
long horizons—thus, large trees—are desirable, this procedure
needs to be stopped early to limit the computation time. One
such stopping condition occurs when the number of nodes tra-
versed exceeds a certain threshold. Even in the cases where the
computationally efficient sphere decoder is applicable, similar
limits are imposed [24]. When the limit is reached, suboptimal
early-stopping solutions would occasionally be applied. This
could compromise control performance and even stability.

In this paper, we formulate the convex semidefinite pro-
gramming (SDP) relaxation of DTFCS-MPC. Formulating
SDP relaxations of such polynomial optimization problems
(with or without integer variables) has been extensively studied
in the literature, e.g., consider the moment/sum-of-squares hi-
erarchies of [25], [26]. Furthermore, these relaxations have re-
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cently found practical applications in power electronics for of-
fline computation of optimized pulse patterns [27]. In our case,
an input sequence candidate is extracted from the solution of
the resulting SDP relaxation. While this sequence may only
be approximately optimal for minimizing tracking errors, it
often offers a consistent and superior solution during transients
compared to the early-stopping branch-and-bound approach,
and it can be obtained efficiently. Therefore, we solve the SDP
relaxation in parallel with the branch-and-bound algorithm and
select the better sequence out of the two. This approach intro-
duces a novel and practical use case for convex relaxations in
FCS-MPC, paving also the way for future research on theoreti-
cal approximation guarantees and hardware-based verification.

Finally, let us contrast this paper with broader control
literature beyond converter control. For MPC problems with
linear input-output relations and both binary and continuous
inputs, SDP relaxations have been formulated in [28]; and
[29] demonstrated that they outperform QP-based approaches
numerically. In contrast, our problem involves a nonlinear re-
lation and ternary input, however, [29] still provides additional
motivation. Alongside the SDP, we employ a continuous re-
laxation of the lifted integer variables. Continuous relaxations
have been studied for MPC, and when they alone yield non-
convex problems that can still be solved to optimality (which is
possible depending on the sampling time) one can even prove
zero gap under certain structural conditions. For example, [30]
presents such an MPC, one example of structure being that
the relaxation gives a probability simplex. However, in power
electronics, where problems must be solved within microsec-
onds range, a convex relaxation of the nonconvex polynomial
optimization becomes necessary to ensure tractability. In this
general case, finding theoretical guarantees remains an open
research problem [31], except for the quadratic case [32].
Our work shows that the SDP relaxation yields a consis-
tent solution improving tracking during transients where the
node-limited branch-and-bound can be arbitrarily poor. The
consistency is attributed to the approximate convexity in our
problem, which has originally been presented in [33].

Our contributions are as follows:
(i) We propose a branch-and-bound algorithm for FCS-MPC

with nonlinear models as in torque and stator flux magnitude.
(ii) We formulate the SDP relaxation for DTFCS-MPC.

To the best of our knowledge, this is the first work to do so.
Moreover, the resulting formulation differs from the existing
works from the mathematical programming community on
the SDP relaxations of polynomial optimization, as they
work over the Boolean hypercube, and our variables lie in
the ternary hypercube, see [34] and the references therein.
Although a transformation from the ternary to the Boolean is
known, this leads to an increase in dimension and complexity,
and does not preserve theoretical guarantees. Our formulation
instead relaxes the ternary problem directly into an SDP.

(iii) Case studies show that the extracted input sequence
is advantageous during transients, since the node-limited
branch-and-bound often fails to find a meaningful input.

The paper is organized as follows. Section II presents
the preliminaries, including the modeling, the DTFCS-MPC
formulation, and the branch-and-bound algorithm. Section III

Fig. 1: NPC inverter with an IM and a fixed neutral-point.

derives the SDP relaxation, and presents the proposed
solution. Finally, Section IV showcases the performance
through numerical case studies. Our code is publicly available
at https://github.com/lucahart/Torque-tracking.

Notation: Vectors are denoted bold, x ∈ Rn. A vector could
be formed by restricting the indices, xi:j = [xi xi+1 · · ·xj ]⊤ ∈
Rj−i. Matrices are capitalized, P ∈ Rm×n. P i:j,k restricts
the matrix to its kth column and to the row range i to j. Denote
the trace of P ∈ Rn×n by tr(P ), whereas diag(P ) ∈ Rn

denotes the diagonal. The set of n×n real symmetric matrices
is denoted by Sn. The matrix P ∈ Sn is positive semidefinite
(PSD), if x⊤Px ≥ 0 for all x ∈ Rn, and denoted by P ⪰ 0,
i.e., P ∈ Sn+. The set Sn+ defines the PSD cone. × is the
cross-product, whereas ⊙ is the Hadamard product.

II. PRELIMINARIES

Consider a 3L-NPC converter connected to a squirrel cage
induction motor (IM), as depicted in Figure 1. The half
dc-link voltages Vdc

2 are realized by ideal sources, thus fixing
the neutral-point to zero. The reader is referred to [9] for
details on neutral-point balancing. Throughout the paper, the
dynamical equations are based on the αβ-reference frame
(i.e., the stationary frame), denoted by ξαβ = [ξα ξβ ]

⊤,
where ξαβ = Kξabc is the Clarke transformation with

K = 2
3

[
1 − 1

2
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]
. The inverse transformation is defined

as ξabc = K−1ξαβ , where the (pseudo) inverse of K is
K−1 = 3

2K
⊤. We model the states of IM in terms of its

stator and rotor flux linkages ψs,αβ = [ψs,α ψs,β ]
⊤ and

ψr,αβ = [ψr,α ψr,β ]
⊤. The switch positions are denoted

by uabc = [ua ub uc]
⊤ ∈ {−1, 0, 1}3. The stator voltages

vs,abc = [vs,a vs,b vs,c]
⊤ = Vdc

2 uabc are the converter
voltages at the ac-side. We drop the subscript abc from uabc.

A. Physical system model

The continuous-time flux linkage dynamics of IM are:

dψs,αβ(t)

dt
= −Rs

Xr

D
ψs,αβ(t)+Rs

Xm

D
ψr,αβ(t)+

Vdc
2
Ku(t),

dψr,αβ(t)

dt
= Rr

Xm

D
ψs,αβ(t)−

(
Rr
Xs

D
−ωr

[
0 −1
1 0

])
ψr,αβ(t),

where Rs, Rr are the stator and rotor resistances, respectively;
Xs, Xr, Xm are the stator, rotor, and main inductances,
respectively; and D = XsXr − X2

m [33, §4.3]. For the sake
of simplicity, via time-scale separation, we treat the rotor’s

https://github.com/lucahart/Torque-tracking
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Fig. 2: A high-level DTFCS-MPC block diagram.

angular speed ωr as a parameter, and discussions on the outer
speed controller are considered out-of-scope for this paper.

Using exact Euler discretization with the control sampling
interval Tc, the discrete-time model becomes

ψs,αβ(k+1) = A11ψs,αβ(k)+A12ψr,αβ(k)+B1u(k),

ψr,αβ(k+1) = A21ψs,αβ(k)+A22ψr,αβ(k),
(1)

where k ∈ N is the discrete-time index, and A11, A12, A21,
A22, and B1 can be inferred from the continuous dynamics.

The control task is to track the references of the electromag-
netic torque Te and the stator flux magnitude Ψs. The torque is

Te(k) =
1

pf

Xm

D
ψr,αβ(k)×ψs,αβ(k)

= Tfctψr,αβ(k)
⊤Jψs,αβ(k). (2)

The power factor is pf = Prat/Srat, where Prat and Srat are
the rated real and apparent power, respectively. Moreover,
Tfct =

1
pf

Xm

D , and J =
[

0 1
−1 0

]
. The stator flux magnitude is

Ψs(k) = ||ψs,αβ(k)||2 =
√
ψs,α(k)2 + ψs,β(k)2. (3)

B. Finite-control-set model predictive control problem

A high-level block diagram of DTFCS-MPC is shown
in Figure 2. The prediction horizon is denoted by N ∈ N.
It tracks both the torque and the stator flux magnitude
references, usually generated by certain outer loops, e.g.,
the speed controller. A study on the impact of the observer
design is considered out-of-scope for this paper; kindly refer
to [35, §5.3] for more details.

Define a compact dynamical system with states
x(k) = [ψs,αβ(k)

⊤ ψr,αβ(k)
⊤]⊤, input u(k), and output

y(k) = [Te(k) Ψ2
s (k)]

⊤.1 The state dynamics are given
by x(k + 1) = Ax(k) + Bu(k), where A and B can be
inferred from (1). Note that the state-update function is linear.
The output function is nonlinear, and it follows from the
definitions of Te(k) and Ψs(k) in (2) and (3), respectively.

1Squaring the magnitude in (3) turns it into a polynomial.

Let eT(k) = T ∗
e − y1(k) and eΨ(k) = Ψ∗2

s − y2(k) be
the tracking errors for torque and stator flux magnitude,
respectively.2 The objective of DTFCS-MPC is

fN (U(k)) =

Np∑
ℓ=1

λT(eT(k+ℓ))
2

+(1−λT)(eΨ(k+ℓ))2+λu||∆u(k+ℓ−1)||22,
where ℓ ∈ {1, . . . , N} is used to iterate over the prediction
horizon. The parameter λT sets the trade-off between the
two objectives. Additionally, a penalty with the weight λu
on the switching transitions ∆u(k) = u(k) − u(k − 1) is
included to limit the switching frequency. Not penalizing
control effort results in a deadbeat behaviour [36, §IV.A].
Here, we also introduce the full-horizon switching sequence
U(k) = [u(k)⊤ u(k + 1)⊤ · · · u(k +N − 1)⊤]⊤.

DTFCS-MPC solves the following optimization problem at
time step k:

foptN =min
U(k)

fN (U(k))

s.t. x(k+ℓ) = Ax(k+ℓ−1)+Bu(k+ℓ−1),
y1(k+ℓ) = Tfctx3:4(k+ℓ)

⊤Jx1:2(k+ℓ),

y2(k+ℓ) = ||x1:2(k+ℓ)||22,
u(k+ℓ−1) ∈ {−1, 0, 1}3, ∀ℓ.

(P)

After solving (P) for its optimal solution Uopt(k), DTFCS-
MPC applies the first input uopt(k) in a receding horizon
fashion. As will be discussed further in Section III, (P) is a
polynomial optimization problem over integer variables. The
objective fN (·) is of degree 4 (quartic). This class is known to
be NP-hard [37]. Let UN = {−1, 0, 1}3N denote all possible
input sequences for (P). Since card(UN ) = 27N , enumeration
is computationally infeasible for long horizons, i.e., large N .

C. A branch-and-bound algorithm for DTFCS-MPC
We briefly recall a conventional branch-and-bound algo-

rithm. Let U ini(k) denote the initial solution with the objective
value f iniN = fN (U ini(k)). For example, it can be obtained by
an educated guess using a shifted version of the optimal solu-
tion of the previous time step k−1, i.e., Uopt(k−1). Starting
with this being the incumbent solution, the algorithm then
systematically searches for the optimal solution. Whenever a
better input sequence is identified, it updates its incumbent
solution. During its exploration, it can shrink the search space
based on the objective value of the incumbent solution.

This exploration procedure with shrinking relies on the
additive nonnegative structure of the objective. Instead of
directly calculating fN (U(k)) for a full candidate solution,
we create a solution tree of depth N , where at each node, we
select the input u(k+ ℓ− 1) of the time step k+ ℓ− 1 at the
depth level ℓ ∈ {1, . . . , N}. As we choose new inputs at later
time steps, we can iteratively increment the objective to obtain

fℓ =

ℓ∑
j=1

λT(eT(k+j))
2

+(1−λT)(eΨ(k+j))2+λu||∆u(k+j−1)||22.

(4)

2For the sake of generality, the references are time-invariant incorporating
the fact that the reference changes may not be scheduled events.



4

Algorithm 1 Conventional branch-and-bound algorithm:

1: Function: branch and bound
2: Input: fℓ−1, f incN , ℓ, U , U inc, xprev, uprev, np
3: Output: U inc

4: if np > np,max then return U inc

5: else np ← np + 1
6: end if
7: for all u ∈ U1 do
8: x(k + ℓ)← Axprev +Bu
9: y1(k + ℓ)← Tfctx3:4(k + ℓ)⊤Jx1:2(k + ℓ)

10: y2(k + ℓ)← ||x1:2(k + ℓ)||22
11: fℓ ← fℓ−1+λT(eT(k+ℓ))

2+(1−λT)(eΨ(k+ℓ))2+
λu||u− uprev||22

12: if fℓ < f incN then
13: U3ℓ−2:3ℓ ← u
14: if ℓ < N then
15: U inc ← branch and bound(fℓ, f incN , ℓ+1, U ,

U inc, x(k + ℓ), u, np)
16: else
17: U inc ← U
18: f incN ← fℓ
19: end if
20: end if
21: end for
22: return U inc

Whenever the incremental objective fℓ exceeds the objective
of the incumbent solution, the sub-tree can be discarded.

With this in mind, the branch-and-bound algorithm is pre-
sented in Algorithm 1. To initialize, we let f0 = 0, ℓ = 1,
U = U inc = U ini(k), f incN = f iniN , uprev = u(k − 1),
xprev = x(k− 1), np = 0. After deciding upon u(k+ ℓ− 1),
the resulting incremental objective (4) is compared to the best
so far, i.e., the incumbent solution, in Line 12. We continue to
traverse if fℓ < f incN holds. Otherwise, the sub-tree is pruned.
This is repeated until fN < f incN is found at a leaf node,
and then the incumbent solution is updated. The algorithm
starts back-tracking. The optimal solution Uopt(k) is found
and its optimality is verified if all the branches have been cut.
Otherwise, the algorithm stops early if the limit, np,max, is hit.

The branch-and-bound algorithm has a worst-case expo-
nential time performance. Nevertheless, it is efficient during
steady-state operation. During transients, however, the initial
solution may not be meaningful. Moreover, in contrast to the
sphere decoder of [8], which was proposed for linear systems
with integer manipulated variables, it does not incorporate the
future cost incurred by an input decision at an earlier time
step. In Algorithm 1, the cost is simply incremented by the
stage cost incurred at this time step. Thus, it might need to
traverse a large portion of the tree to find the optimal solution
and to verify its optimality. It is common practice to impose
a time limit, e.g., a node limit as in Line 4, which might then
result in the algorithm returning suboptimal solutions, and in
particular, these will be arbitrarily poor during large transients.

III. SDP RELAXATION OF DTFCS-MPC

This section formulates the SDP relaxation of (P). Different
from (P), SDPs are well-studied conic convex optimization
problems with many solvers developed to address them.3

To this end, we first formulate fN (U(k)) explicitly as a
function of U(k), the initial state x(k) and the previous input
u(k − 1). From (1), derive the maps

x1:2(k + ℓ) = ψs(k + ℓ) = Γs,ℓx(k) +Υs,ℓU(k),

x3:4(k + ℓ) = ψr(k + ℓ) = Γr,ℓx(k) +Υr,ℓU(k),

where Γs,ℓ, Γr,ℓ, Υs,ℓ, Υr,ℓ are relegated to an online
appendix [39, A1]. Notice they are k-invariant, and can thus
be computed offline.

Now, augment the full-horizon variable with 1 as follows
Ũ(k) = [1 U(k)⊤]⊤. Given the definitions of Te(k) and
Ψs(k) in (2) and (3), respectively, we have

y1(k + ℓ) = Te(k + ℓ) = Ũ(k)⊤Qℓ(k)Ũ(k),

y2(k + ℓ) = Ψ2
s (k + ℓ) = Ũ(k)⊤W ℓ(k)Ũ(k),

(5)

where W ℓ(k) and Qℓ(k) are functions of x(k) and relegated
to an online appendix [39, A1].

For switching transitions, we have

∆uz(k + ℓ− 1) = Zz,ℓ(k)Ũ(k), ∀z ∈ {a,b, c}, (6)

where Zz,ℓ is relegated to [39, A1]. Its first instance Zz,1 is
a function of u(k − 1), and the rest can be computed offline.

Using the definitions above, the objective of (P) becomes

fN (U(k)) = λT

N∑
ℓ=1

(
T ∗
e −Ũ(k)⊤Qℓ(k)Ũ(k)

)2

+(1−λT )
N∑
ℓ=1

(
Ψ∗2

s −Ũ(k)⊤W ℓ(k)Ũ(k)
)2

+λu

N∑
ℓ=1

∑
z∈{a,b,c}

Ũ(k)⊤Zz,ℓ(k)
⊤Zz,ℓ(k)Ũ(k).

(7)

With this, we restate (P) without the state variables

foptN = min
U(k)

fN (U(k)) s.t. U(k) ∈ UN . (8)

It is now straightforward to see that we have been working
with a degree-4 (quartic) polynomial over a ternary hypercube.

A. SDP relaxation of DTFCS-MPC optimization problem

With a change of variables, and the identity x⊤Px =
tr(Pxx⊤), (7) is equivalent to

fΘN (Θ(k)) = λT

N∑
ℓ=1

(T ∗
e −tr(Qℓ(k)Θ(k)))

2

+(1−λT )
N∑
ℓ=1

(
Ψ∗2

s −tr(W ℓ(k)Θ(k))
)2

+λu

N∑
ℓ=1

∑
z∈{a,b,c}

tr
(
Zz,ℓ(k)

⊤Zz,ℓ(k)Θ(k)
)
,

(9)

3In terms of complexity, SDPs are considered to be in PSPACE [38].
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where Θ(k) = Ũ(k)Ũ(k)⊤ ∈ {−1, 0, 1}3N+1×3N+1.
The variable Θ(k) lies in the lifted space and the relation
Θ(k) = Ũ(k)Ũ(k)⊤ captures its dependence to the original
variable, so that fΘN (Θ(k)) = fN (U(k)). With (9), (8) can be
reformulated as the following

foptN =min
Θ(k)

fΘN (Θ(k))

s.t. Θ(k) = Ũ(k)Ũ(k)⊤,
U(k) ∈ UN .

(10)

The constraint Θ(k) = Ũ(k)Ũ(k)⊤ is equivalent to having
that Θ(k) is PSD (i.e., has a Cholesky decomposition), and is
of rank 1. Reflecting on this observation, we revisit a relaxation
method, first proposed and analyzed for the Max-Cut problem
by the seminal works of [40], [41]. This method substitutes
the constraints of type Θ(k) = Ũ(k)Ũ(k)⊤ with the PSD
cone and a rank constraint. Subsequently, we can disregard
the rank and integer constraints to obtain an SDP relaxation.

First, we obtain the equivalent reformulation:

foptN =min
Θ(k)

fΘN (Θ(k))

s.t. Θ(k) ⪰ 0, Θ1,1(k) = 1,
Θ(k) ∈ {−1, 0, 1}3N+1×3N+1,
rank(Θ(k)) = 1,

(11)

where Θ1,1(k) = 1 imposes the augmented 1.4 We now drop
the nonconvex rank and integer constraints as follows:

foptN ≥min
Θ(k)

fΘN (Θ(k))

s.t. Θ(k) ⪰ 0, Θ1,1(k) = 1,
Θ(k) ∈ [−1, 1]3N+1×3N+1.

(Psdp)

Let Θsdp(k) denote its optimal solution. As a remark, the
problem above is not in the standard form of an SDP, as it
involves a convex quadratic function of a trace of a matrix
in (9). Since trace is a linear map, this problem remains
convex, and it can be reformulated with a linear objective
using an epigraph representation and the Lorentz cone.5 SDPs
are convex optimization problems that can be handled by
a variety of off-the-shelf solvers. For case studies, we will
use a first-order solver, SCS [43], to obtain a solution fast
without stringent precision requirements. Some of the other
solvers that can handle SDPs can be listed as [44]–[46].

After solving (Psdp), and obtaining Θsdp(k) in the lifted
space, we need to extract an input sequence candidate. To-
wards this, we provide the following four options:

1) First column: We take the first column of Θsdp(k) and
round it, i.e., U sdp(k) = round

(
Θsdp

2:3N,1(k)
)
.

2) Diagonal: We take the square-root of the di-
agonal, multiply it with the sign of the first
column, and round the result, i.e., U sdp(k) =

round

(
sign(Θsdp

2:3N,1(k))⊙
√

diag(Θsdp
2:3N,2:3N (k))

)
.

3) Maximal Eigenvector: From the eigenvalue decomposi-
tion (EVD) of Θsdp(k) we round the eigenvector with

4diag(Θ(k)) ≥ 0 holds by definition for the PSD cone.
5The Lorentz cone is linearly isomorphic to the 2× 2 PSD cone [42], and

can be handled by SDP solvers.

the largest eigenvalue, i.e., U sdp(k) = round
(√
λ1v1

)
,

where λ1 is the largest eigenvalue of Θsdp(k) and v1
the corresponding eigenvector.

4) Weighted Eigenvectors: From the EVD of Θsdp(k) we
round the eigenvalue-weighted sum of the eigenvectors,
i.e., U sdp(k) = round

(∑
j

√
λjvj

)
.

Our case studies will rely on the computationally-simplest first
option, as no significant control performance differences have
been observed during transients.6

Note that for this class of problems, in the literature, no
theoretical approximation guarantee is known for the extracted
candidates [31]. This remains open for future research. For
quadratic optimization problems over the Boolean hypercube,
for example, [32] provides an approximation guarantee by
generalizing the analysis of the GW algorithm of [41].
However, convex relaxations are also known to perform well
when the underlying problem exhibits approximate convexity.
In fact, this observation strongly motivates our use of an SDP
relaxation. The torque and flux magnitude tracking problem
is known to have such approximate convexity, as originally
presented in [33, §4.3]. This is evident in [33, Fig. 4.25] from
the approximately elliptical cost contours of the objective
in (P). To abide by the page limitations, these observations
from the literature are not repeated here.

Nevertheless, the term

fN (U sdp(k))− fΘN (Θsdp(k)),

bounds the optimality gap, since

fN (U sdp(k)) ≥ foptN ≥ fΘN (Θsdp(k)).

Moreover, regardless of whether the situation is transient or
steady-state, SDPs are convex programs that can be solved
within a reasonable and consistent time frame.

Next, we present our proposed approach that exploits the
advantages of both the SDP and the branch-and-bound.

B. Proposed algorithm

We propose solving the SDP relaxation in (Psdp) in
parallel to Algorithm 1. In the final step, we choose the
best of the early-stopping solution from Algorithm 1 and
the sequence extracted from the SDP solution in the lifted
space. This procedure is formalized in Algorithm 2, where
the first column extraction method is adopted. This proposal
is constructed to harness the benefits of both the SDP and the
branch-and-bound algorithm. It achieves optimality during
the steady-state, given that the branch-and-bound concludes
prior to hitting the node limit. The SDP relaxation is also
solved fast consistently in parallel and provides a meaningful
close-to-optimal input sequence even during transient events.
Remark. There exist alternatives for leveraging the SDP re-
laxations that we are not examining in this study. One can
use the best of the sequence extracted from the SDP and the
educated guess to warm-start the branch-and-bound. However,
this would be computationally wasteful as the two would be

6The EVD has the complexity O(N3). In practice, it can be computed
with very good precision via several iterations of the Power Method, each
with the complexity O(N2).
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Algorithm 2 Branch-and-bound with the SDP relaxation

1: Function: branch and bound with SDP
2: Input: x(k − 1),u(k − 1),Uopt(k − 1)
3: Output: U inc, np
4: Start Parallel computation:
5: Thread 1 (Branch-and-bound)
6: U ed ← [Uopt

4:3N (k − 1)⊤Uopt
3N−2:3N (k − 1)⊤]⊤

7: f ed ← fN (U ed)
8: f0 ← 0, ℓ← 1, np ← 0
9: Ub&b ← branch and bound(f0, f ed, ℓ,U ed, U ed,x(k−

1),u(k − 1), np)
10: End Thread 1
11: Thread 2 (SDP relaxation)
12: Solve (Psdp) for Θsdp(k), U sdp ← round(Θsdp

2:3N,1(k))
13: End Thread 2
14: if fN (Ub&b) < fN (U sdp) then
15: U inc ← Ub&b

16: else
17: U inc ← U sdp

18: end if
19: return U inc

TABLE I: Physical parameters.

Rated values Machine parameters [pu]
Voltage 3300V Stator resistance Rs = 0.0108
Current 356A Rotor resistance Rr = 0.0091

Real power 1.587MW Stator leak. react. Xls = 0.1493
Apparent power 2MVA Rotor leak. react. Xlr = 0.1104
Base frequency 50Hz Main reactance Xm = 2.3489

Rotational speed 596 rpm Number of pole pairs p = 5
dc-link voltage 1.5937 pu

run sequentially. Solving SDPs during the branch-and-bound
iterations is another option, as the SDP could provide a lower
bound on the future branch cost. However, this might not be
realistic from a computational standpoint.

IV. CASE STUDIES

First, we present a case study illustrating the variability in
the efficiency of Algorithm 1, due to the initial guess and
the operational conditions, when no node limits are enforced.
Subsequently, we demonstrate through other case studies how
Algorithm 1 could potentially fail to obtain a meaningful so-
lution during transients. Algorithm 2 then effectively remedies
these issues. The implementations of the algorithms are pub-
licly available at https://github.com/lucahart/Torque-tracking.

Physical parameters are provided in Table I and they are
taken from [47, Tab. 7.13]. We emphasize that this parameter
set originates from an actual IM to ensure the practical rel-
evance of the proposed methodology. The control parameters
of Table II are chosen as follows. The torque weighting factor,
λT = 0.052, is adopted from [33, §4.3]. The switching
penalty λu = 3.8× 10−3 is tuned to achieve a desired device
switching frequency of fsw = 215Hz. The sampling interval
is Tc = 25 µs, and the prediction horizon is N = 5. Our
comparisons will be based on the steady-state behaviour and
on the step-up of the torque reference T ∗

e . The torque step-
up will occur at t = 0.705s from T ∗

e = 0.2 to T ∗
e = 1.

TABLE II: Controller and simulation parameters.

Parameter name Parameter symbol Parameter values
torque weighting factor λT 0.052

switching weight λu 3.8× 10−3

controller sampling interval Tc 25 µs
horizon N 5

upper bound on traversed nodes np,max 500
simulation sampling interval Ts 0.5 µs

During all studies, the stator flux magnitude reference will
be kept at a constant level Ψ∗

s = 1. The system is simulated
with the time step of Ts = 0.5 µs. A measurement noise of
η ∼ U(−2.5×10−3, 2.5×10−3) pu is imposed, where U(a, b)
is the uniform distribution in the interval [a, b].

The number of nodes traversed by Algorithm 1 is assumed
to be a good indicator of the complexity of the branch-and-
bound. In fact, we computed the Pearson correlation coefficient
of Corr(Tb, np) = 0.9989 for the computational time Tb and
the number of nodes traversed np. Considering this, as a node
limit, np,max = 500 is imposed in our simulation environment.
On the other hand, the SDP is solved via SCS [43] called
through YALMIP [48], with an iteration limit of 120 and a
solution tolerance of 10−4. For the SDP under consideration,
this limit influences the high-order precision, which is later
rounded during the extraction process. As a remark, an as-
sessment on whether these limits provide a fair comparison
requires an implementation on an embedded platform, such as
an FPGA. The goal of this paper is to showcase the capabilities
of SDP relaxations for direct torque control while promoting
the integration of tools from two research communities. As a
further justification of this choice, computation limits tighter
than the one we imposed on the branch-and-bound have
already been demonstrated for the sphere-decoder based on
the number of operations, see [24].

A. Efficiency analysis for branch-and-bound

This study shows how the node limit np,max = 500 could
be significantly violated by Algorithm 1 if we do not impose it
explicitly within the algorithm. Specifically, the efficiency of
the branch-and-bound relies on two conditions: (i) the accuracy
of the initial guess, (ii) the operational condition of the system.
We study both in the following.

The impact of the first condition can be observed during
the steady-state. We warm-start Algorithm 1 with an all-zero
initial guess, an educated guess, and the optimal solution. We
include the optimal solution here to specifically demonstrate
how the effectiveness of the bounding decreases later during
torque transients. Table III shows the resulting maximum
number of nodes traversed by the branch-and-bound. During
steady-state, observe that the educated guess performs rather
similar to the optimal solution, and both stay well under the
limit np,max = 500. The all-zero initial guess, on the other
hand, can result in violating the node limit np,max = 500,
making it unsuitable for Algorithm 1.

The impact of operational condition is apparent during a unit
torque step. Table III shows that, especially in the first instance
after the step command, the number of traversed nodes peaks.
Regardless of the initial guess, the node limit is significantly

https://github.com/lucahart/Torque-tracking
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TABLE III: Number of nodes traversed for different initial
guesses and situations. Max-steady-state refers to the max-
imum during steady-state. Torque-step-instance refers to the
solution during the first instance of the step.

Initial solution Max-steady-state Torque-step-instance
Zero guess 1363 69950

Educated guess 361 59674
Optimal guess 358 35524

surpassed. This is because the inaccurate tracking during the
step-up leads to much higher cost values. The branch-and-
bound algorithm, having no information on the future cost,
needs to traverse deep into the tree before deciding on pruning
the sub-trees. As an interesting remark, the educated guess
performs almost as bad as the all-zero initial guess during
transients. The next two studies will demonstrate that the large
number of traversed nodes is not merely for optimality veri-
fication, and early-stopping solutions can be arbitrarily poor.

B. Performance improvement during torque steps

To further increase the challenge for Algorithm 2, we reduce
the node limit of its parallel branch-and-bound algorithm
to np,max = 250, while maintaining np,max = 500 for
Algorithm 1. This adjustment also implicitly accounts for the
additional computational load introduced by solving the SDP
in Algorithm 2. To study an even more challenging scenario,
Section IV-C will consider also a case where Algorithm 1
operates with an increased node limit of np,max = 2000.

Figure 3a shows the torque trajectories of DTFCS-MPC
with Algorithms 1 and 2. The input sequence from the
node-limited Algorithm 1 cannot track the torque, whereas
Algorithm 2 can find a close-to-optimal input sequence thanks
to the SDP, leading to high dynamical performance. Figure 3b
shows that Algorithm 1 creates large deviations in stator flux.
All the aforementioned input sequence extraction methods
gave the same result during the steady-state in terms of
harmonic distortions thanks to the performance of branch-and-
bound. Moreover, all these methods were capable of fixing the
failures observed during torque transients due to node limit.
SDP relaxations have been demonstrated to be consistently and
reliably solved within an acceptable time frame. As mentioned
before, we used SCS [43] called through YALMIP [48]. The
average solver total time (includes both the setup and the
solve stages of SCS) was 8.3ms and the maximum total
time was 10.4ms for both the steady-state and the transient
phases.7 Considering the times reported in past literature [12,
Fig. 5], one could obtain a significant improvement in
execution times by an FPGA. Nonetheless, this observation
needs to be verified for the SDPs on an embedded platform.

C. A comprehensive and randomized case study

We now compare Algorithm 2 with np,max = 250 against
Algorithm 1 across a sweep of node limits np,max ∈
{250, 500, 750, 1000, 1500, 2000}. To further support our
claims regarding the consistency of the SDP relaxation in

7Solved via MATLAB on a computer equipped with 32GB RAM and a
2.5GHz Intel i7 processor.
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Fig. 3: Torque reference step-up simulation results. Depicted
are DTFCS-MPC with solvers as in Algorithms 1 and 2.

TABLE IV: Key quantities for total tracking error (×10−3)
∞

Alg. 1
250

Alg. 2
250

Alg. 1
500

Alg. 1
750

Alg. 1
1000
Alg. 1

1500
Alg. 1

2000
Alg. 1

Max 21.8 29.2 232 85.8 64.3 41.7 41.8 40.2
Quart. 3 13.6 16.5 24.6 25.5 20.0 18.9 18.4 18.2
Quart. 1 10.6 11.4 12.4 11.6 11.7 11.4 11.1 11.0
Mean 12.5 14.7 23.5 20.6 17.1 16.3 15.9 16.0

improving the node-limited branch-and-bound, we generate
randomized examples. The setup consists of 10 distinct torque
steps, each also triggered at 10 different time stamps, giving
us 100 cases in total. The magnitudes of the steps are sampled
from 0.5 ≤ |∆Te| ≤ 1.5, while meeting the torque limits.
The evaluation is based on closed-loop tracking performance
after each step. Let ∆k denote the number of samples within
the first 5ms after a step, and let k0 be the torque step time.
Define two tracking errors: eT = 1

∆k

∑k0+∆k
k=k0

(eT(k))
2 and

eT,Ψ = 1
∆k

∑k0+∆k
k=k0

λT(eT(k))
2 + (1− λT)(eΨ(k))2.
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Fig. 4: Box plots. The black is the optimal solution. The blue
is Algorithm 2. The red ones are Algorithm 1.

Figure 4a presents box plots of the torque tracking
error eT. In terms of both mean and quartiles simultaneously,
Algorithm 2 with np,max = 250 outperforms Algorithm 1
up to np,max = 1500. Moreover, Algorithm 2 exhibits
significantly fewer outliers than Algorithm 1, even up to
np,max = 2000. Figure 4b shows the total tracking error eT,Ψ,
and Table IV provides the key statistical quantities. Here, the
mean and quartiles of Algorithm 2 remain superior to those
of Algorithm 1 up to np,max = 750. Algorithm 2 continues to
show fewer outliers across all cases. These results demonstrate
that Algorithm 2 consistently avoids outliers, such as the
failure case of Algorithm 1 illustrated in Figure 3. We conclude
that Algorithm 2 is an effective strategy for complementing a
node-limited branch-and-bound during large transients. Given
its proximity to the optimal solution, this also provides statis-
tical evidence of the aforementioned approximate convexity.

V. CONCLUSION

We formulated the SDP relaxation of DTFCS-MPC, and
proposed solving it in parallel to a node-limited branch-
and-bound designed for the original problem. Case studies
showcased that a solution extracted from the SDP can be
advantageous during torque transients. Future work could
solve the SDP relaxation of DTFCS-MPC on an FPGA,
and provide a theoretical approximation guarantee on the
extracted input sequences.
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