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Abstract—Search algorithms that reduce the time to solve the
direct model predictive control (MPC) problem are proposed
in this paper. By allowing for suboptimal solutions, the computational complexity of the underlying optimization problem
can be significantly reduced, albeit by sacrificing (to a certain
degree) optimality. Two approaches are presented and discussed.
The first approach requires quadratic time, making it a very
efficient candidate for solving the examined problem. Thanks
to the second approach, a preset upper limit on the operations
performed in real time is not exceeded, thus guaranteeing realtime termination in all runs. To highlight the effectiveness of the
introduced strategies, a variable speed drive system with a threelevel voltage source inverter is used as an illustrative example.

I. I NTRODUCTION
In recent years, acceptance of model predictive control
(MPC) [1], [2] by the power electronic community has grown
rapidly [3]. The ability of MPC to handle systems with
complex dynamics, and/or multiple inputs and outputs—the
so-called MIMO systems—and to operate them close to their
physical limits, thanks to the underlying constrained optimization problem, enhanced its widespread application. Moreover,
the use of a receding horizon introduces feedback to the
system, and thus adds a high degree of robustness to the
algorithm in the presence of disturbances.
In power electronics, MPC is often implemented as a direct
controller to tackle both the output reference tracking and
the modulation problems in one stage [3]–[6]. As a result,
the switching signals are directly applied to the converter,
without first being modulated. However, a pitfall of this
approach is that the formulated optimization problem is a
(mixed) integer problem, which is NP-hard, i.e., in general
very difficult to solve, since its computational complexity increases exponentially with the length of the prediction horizon.
A brute-force option to solve this type of problems is to
exhaustively enumerate and evaluate all candidate solutions
to determine the optimal one. But this enforces, in a way, the
use of very short horizons—which are in most cases equal
to one step—since for longer horizons the problem becomes
P. Karamanakos, and R. Kennel are with the Institute for Electrical Drive
Systems and Power Electronics, Technische Universität München, Munich
80333, Germany (e-mail: p.karamanakos@ieee.org, kennel@ieee.org).
T. Geyer is with ABB Corporate Research, Baden-Dättwil 5405, Switzerland (e-mail: t.geyer@ieee.org).

978-1-4673-7151-3/15/$31.00 ©2015 IEEE

computationally intractable. Therefore, computational issues
still remain, regardless of the rapid and continued increase in
computational power available.
To overcome this issue, several strategies have been proposed that make the real-time implementation of MPC
schemes with nontrivial prediction horizons possible [7]. In
addition, branch-and-bound techniques [8] can be successfully
adopted, as shown in [9]. Lately, the concept of a branchand-bound algorithm, called sphere decoder [10], [11], has
been introduced to the field of power electronics, showing
promising results [12]–[14]. By employing one of the aforementioned strategies, one can implement MPC schemes with
long prediction horizons, which is a prerequisite to achieving
acceptable system performance, especially when high-order
systems are concerned [15].
Nevertheless, despite the fact that the above-mentioned
algorithms facilitate the implementation of long-horizon MPC
schemes, computational challenges still exist since the optimization problem remains NP-hard; its worst-case complexity
still grows exponentially. Moreover, the algorithms employed
to solve (mixed) integer problems usually do not have realtime guarantees of termination. This can cause many problems
in safety critical applications.
In consideration of these pitfalls, the present paper focuses
on algorithms that offer shorter solution times, but at the
expense of optimality. In particular, suboptimal solutions are
occasionally implemented when the operations performed in
real time exceed a predefined upper bound—interpreted as
the available computational power—while trying to find the
optimal solution. In this way, the computational complexity
is bounded, or, loosely speaking, fixed, implying that the
termination of the algorithm is guaranteed. To further reduce
the operations required, but by further sacrificing optimality,
the estimated (i.e., guessed) solution of the optimization
problem is always implemented, without starting the search
process at all. However, as shown in the paper, the estimated
solution is in most problem instances the same as the optimal
one, thus the performance of the plant does not significantly
deteriorate. As a case study, a variable speed drive system is
considered, consisting of a three-level neutral point clamped
(NPC) voltage source inverter driving a medium-voltage (MV)
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Fig. 1: Three-level three-phase neutral point clamped (NPC) voltage source
inverter driving an induction motor (IM) with a fixed neutral point potential.
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Fig. 2: Model predictive current control with reference tracking for the threephase three-level NPC inverter with an IM.

II. C ONSTRAINED O PTIMAL C ONTROL P ROBLEM
In the sequel, the mathematical model of the examined
system and the formulation of the optimization problem—
and of the equivalent integer least-squares (ILS) problem—are
presented.
A. Prediction Model
The first step of formulating and solving an optimization
problem underlying MPC problem is to derive an accurate
model of the plant to serve as a prediction model. To simplify
the calculations it is common to transform the system variables
from the three-phase system (abc) to the stationary orthogonal
αβ system, i.e., ξ αβ = Kξabc , where ξabc = [ξ a ξ b ξ c ]T
is any variable in the abc plane, and ξ αβ = [ξα ξβ ]T the
resulting variable in the αβ plane, via the matrix1
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In Fig. 1 an IM driven by a three-level NPC voltage source
inverter with a constant dc-link voltage Vdc and a fixed neutral
point potential N is depicted. As can be seen, the output
voltage of each phase of the inverter can take the three
discrete values − V2dc , 0, V2dc , depending on the position of the
switches in the respective phase leg, with Vdc being the dc-link
voltage. These positions are modeled with the integer variables
ua , ub , uc ∈ U = {−1, 0, 1}. Introducing u = [ua ub uc ]T to
represent the input vector, and by considering the stator current
and the rotor flux in the αβ plane as the state variables,
i.e., x = [isα isβ ψrα ψrβ ]T , the continuous-time state-space
model of the drive can be written as
dx(t)
= Dx(t) + Eu(t)
(1a)
dt
y(t) = F x(t) ,
(1b)
where the output variable is the stator current, i.e., y = is,αβ .
The dynamics, input and output matrices, D ∈ R4×4 ,
E ∈ R4×3 , F ∈ R2×4 , respectively, are provided in the appendix, along with the detailed derivation of (1). Note that the
1 To this end, vectors in the αβ plane are denoted with the corresponding
subscript, unless otherwise stated. If the subscript is omitted, then it is assumed
that the vector is in the abc plane.

dynamic of the rotor is neglected since the angular speed ωr
is considered to be a time-varying parameter.
Based on the continuous-time model (1), the discrete-time
state-space model of the drive can be derived using exact the
Euler discretization. This yields
x(k + 1) = Ax(k) + Bu(k)
y(k) = Cx(k) ,

(2a)
(2b)

where the matrices A, B and C are of the form A = eF Ts ,
B = −F −1 (I − A)G and C = E. Furthermore, I is the
identity matrix, e the matrix exponential, Ts the sampling
interval, and k ∈ N.
B. Direct Model Predictive Control With Current Reference
Tracking
The controller discussed in this paper is implemented as a
current controller. This means that the main control objective
is the accurate tracking of the sinusoidal reference waveform
is,ref,αβ of the stator current is,αβ . As shown in Fig. 2,
this is achieved without the presence of a modulator, since
the switching signals are fed directly to the inverter. As an
additional objective, these directly controlled switches are
meant to operate at a low switching frequency; this will result
in lower switching power losses, which are crucial when MV
drives are targeted.
The above-mentioned control tasks are mapped into an
objective function of the form
J(k) =

k+N
−1

||ierr,αβ ( + 1|k)||22 + λu ||Δu(|k)||22 ,

(3)

=k

that penalizes at step k the evolution of the current error
ierr,αβ ( + 1) = is,ref,αβ ( + 1) − is,αβ ( + 1) and the
switching (control) effort Δu() = u() − u( − 1) over the
finite prediction horizon of length N time-steps. Note that the
weighting factor λu > 0 in (3) sets the trade-off between
the stator current tracking accuracy (i.e., the deviation of the
current from its reference) and the switching effort (i.e., the
switching frequency).
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In a subsequent step, the objective function (3) is minimized
subject to the plant model to determine the sequence of control
actions. Thus, the following problem is solved at time-step k
minimize

J(k)

subject to

x( + 1) = Ax() + Bu()
y() = Cx() , ∀  = k, . . . , k + N − 1
U (k) ∈ U

U (k)

m=3

m=2
m=1
(a)

(4)
where U (k) = [uT (k) uT (k + 1) . . . uT (k + N − 1)]T is
the optimization variable and the feasible set U is the N times Cartesian product of the set U = U × U × U = U 3 , i.e.,
U = U N ⊂ Zn , with n = 3N .

m=3

m=2
m=1

III. S OLVING THE I NTEGER L EAST-S QUARES (ILS)
P ROBLEM

(b)

Relaxing the integer constraint U (k) ∈ U in (4), i.e., assuming that U (k) ∈ Rn , then the unconstrained optimal solution
U unc of the problem (4) can be easily found [12]. Based on
that unconstrained solution, and after some algebraic manipulations, the optimization problem (4) can be reformulated
as [12]
minimize ||Ū unc (k) − HU (k)||22
U (k)
(5)
subject to U (k) ∈ U ,
which is an ILS problem due to the integer nature of
the decision variable U . In (5), Ū unc (k) = HU unc (k) ∈
Rn . Furthermore, the nonsingular, upper triangular matrix
H ∈ Rn×n , is known as the lattice generator matrix and
generates the
 space wherein the integer solution lies, i.e.,
L(H) = { ni=1 κi hi | κi ∈ Z}.
However, the search space as generated by H may need
reshaping for solving the optimization problem in a more
time-efficient manner. In particular, the lattice should be as
orthogonal as possible, whereas the length of the basis vectors
of the lattice (i.e., the Euclidean norm of the columns of the
lattice generator matrix) should be kept relatively small. To
meet these criteria the Lenstra-Lenstra-Lovász (LLL) lattice
basis reduction algorithm [16] is employed. The resulting ILS
problem takes the form [14]
minimize
∼
U(k)

subject to

∼

∼ ∼

|| Uunc (k) − H U(k)||22
∼

(6)

U(k) ∈ U ,

∼

where H= V T HM is the reduced lattice generator matrix,
as computed by the LLL algorithm, with V ∈ Rn×n being an
orthogonal matrix and M ∈ {0, 1}n×n a unimodular matrix
∼
∼
∼
(i.e., det M = ±1), Uunc (k) =H M −1 U unc (k) and U(k) =
M −1 U (k).
A. Optimization Algorithm
To determine the integer solution of problem (6), a variant
of the Fincke and Pohst sphere decoding algorithm (see [10])
is employed. As shown in [13] and [14], this search algorithm
appears to be computationally very efficient, and thus an

Fig. 3: (a) Search tree of the ILS problem (6) of dimension (depth) n = 3.
The index m = {1, . . . , n} refers to the level in the search tree. As the
search progresses, the dimension of the sphere is reduced from m = n to a
one-dimensional sphere. (b) Search tree with nodes explored by the sphere
decoder (shown as black solid circles). The nodes that do not lie within the mdimensional sphere are shown as red solid circles, whereas nodes that are not
evaluated at all are depicted as gray solid circles. The direction of the search
process is shown with black arrows. To find the optimal solution, nodes are
visited with a direction from left to right, and from the higher dimensional
layers to the lower ones, until reaching a dead end or the bottom level, where
backtracking occurs.

excellent candidate for solving the long-horizon MPC problem. This is due to the fact that not all candidate solutions
are evaluated, but rather only a very small subset of them,
included in a hypersphere (n-dimensional sphere) of radius ρ
∼
centered at the unconstrained solution U unc (k). Specifically,
the sphere decoder is a branch-and-bound search procedure
that manages a search tree consisting of m-dimensional nodes,
with m = 1, . . . , n; each node represents an element of the
integer input vector U . This algorithm performs a depth-first
search for the optimal solution, meaning that the candidate ILS
solutions are found by traversing the n levels of the search tree
in a sequential manner until reaching a dead end or the bottom
level (i.e., the one-dimensional nodes), where backtracking
occurs to examine unvisited nodes at higher levels.
It should be pointed out that in order to reduce the operations required to find the solution, the upper triangular
∼
structure of the lattice generator matrix H is exploited. As
a result, the search tree is generated in a bottom-to-top
manner, meaning that the top levels of the search tree—which
are explored first—consist of the higher-dimensional nodes,
whereas the bottom levels visited at the later stages of the
search procedure consist of the lower-dimensional nodes (with
the one-dimensional nodes being the leaf nodes). In Fig. 3 an
example of an integer search tree is illustrated along with the
visualization of the search procedure.
As can be understood, the choice of the value for the initial
radius ρ is crucial; the radius should be small enough so that
the corresponding sphere will include as few lattice points (i.e.,
nodes) as possible, but not too small to avoid having a sphere
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Algorithm 1 Sphere Decoder
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function U = S PH D EC(U, d , i, ρ ,
for each ũ ∈ U do
∼
Ui ← ũ
∼
∼
∼
d2 ← || Uunci − H (i,i:n) Ui:n ||22 + d2
if d2 ≤ ρ2 then
if i > 1 then
∼
∼
S PH D EC (U, d2 , i − 1, ρ2 , Uunc )
else
∼
∼
U∗ ← U
ρ2 ← d2
end if
end if
end for
end function

8
6
4
2
0

with no points within, and thus resulting in an empty solution
set. In [14], the initial radius is computed based on the Babai
estimate [17], [18], i.e., the rounded unconstrained solution to
the closest integer vector
(7)

and gives a fairly good initial value for the radius
∼

∼ ∼

ρ(k) = || Uunc (k)− H Ubab (k)||2 ,
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Fig. 4: (a) Dimension of each node visited in the worst-case scenario by the
sphere decoder when using a ten-step horizon. The mean dimension of the
nodes is indicated by the solid vertical line. (b) Probability distribution of the
number of complete control (switching) sequences evaluated by the sphere
decoding algorithm, for a ten-step horizon (N = 10). The mean number of
switching sequences evaluated is equal to 1.083 and it is indicated by the
solid vertical line.

(8)

∼

where Ubab (k) = M −1 U bab (k). Finally, it should be mentioned that when the ILS problem is well-conditioned—thanks
to the LLL reduced lattice—the success probability of the
Babai estimate, i.e., the probability that the Babai estimate
U bab (k) being equal to the optimal solution U ∗ (k), becomes
higher, as shown in [19]. This implies that the radius of the
sphere is the smallest possible, and thus the search tree consists
of only a few nodes since the pruning of the suboptimal
branches is very efficient, as shown in the next section.
The pseudocode of the sphere decoder is presented in
∼
Algorithm 1. The initial values of the arguments are U ← [ ],
i.e., the empty vector, d ← 0, i ← n, ρ ← ρ(k)—see (8), and
∼
∼
Uunc ← H M −1 U unc (k).
IV. B OUNDED S UBOPTIMAL S EARCH A LGORITHMS
To provide a first indication of the computational complexity
of the sphere decoder the number of nodes μ examined
is used as a metric2 . As shown in [14] for the ten-step
horizon (N = 10) case, in the worst-case scenario there
are max(μ) = 141 nodes evaluated by the sphere decoder.
However, this number is slightly misleading, since the number
of floating point operations (flops) performed depends not only
on the number of nodes explored, but also on their dimension,
i.e., on the level m the node belongs to. For the same scenario
(N = 10, max(μ) = 141), it can be seen in Fig. 4(a) that
many nodes are of high dimensions (m > 15), implying that
few flops are required, due to the upper triangular structure of

∼

the lattice generator matrix H and the direction of the search
as performed by the sphere decoder (see Fig. 3). Another
observation in Fig. 4(a), is that only two one-dimensional
nodes are explored, implying that only two complete control
(switching) sequences U are evaluated in the end; one out of
these two is the optimal one.
Based on the latter observation, Fig. 4(b) depicts the probability distribution of the number of complete control sequences
U required to be evaluated at each time-step to decide on
the optimal solution for the ten-step horizon case. As can
be seen, in only about 8.3% of the cases more than one
sequence U is examined. This verifies the argument mentioned
in Section III, that when the initial radius ρ is computed based
on the Babai estimate, as given by (8), it is as small as possible,
or equivalently, the hypersphere that includes the candidate
integer solutions is in most cases as tight as possible. Indeed, in
about 91.7% of the cases the Babai estimate U bab is the same
as the optimal solution U ∗ , meaning that only the rounded
unconstrained solution lies within the hypersphere.
A. Algorithm Based on Estimated Solution
When comparing the radius resulting from the Babai estimate with the radius computed based on an educated guess,
as proposed in [12], i.e.,
∼

analysis presented hereafter is based on the case study presented in
Section V.

∼ ∼

ρ(k) = || Uunc (k)− H Ued (k)||2 ,
∼

2 The

5

100

0

U bab (k) = H −1 Ū unc (k) = U unc (k) ,

0

Dimension of nodes
(a)

Probability [%]

1:

∼∗

(9)

with Ued (k) = M −1 U ed (k) essentially being the shifted previously computed solution U ∗ (k − 1) by one time step and a
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Fig. 5: Relative difference between the initial radii ρ1 and ρ2 computed based
on the Babai estimate (8) and the educated guess (9), respectively, as a function
of time.

repetition of the last switch position, i.e.,
⎡
⎤
0 I
0 ... 0
⎢
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⎢
⎥ ∗
..
..
U ed (k) = ⎢ ..
U (k − 1) ,
.
.
0⎥
⎢.
⎥
⎢
⎥
⎣0 . . . . . .
0 I⎦
0 ... ...
0 I

(10)

the given time, then the initial guess is considered as the best
integer solution of (6), i.e., U sub = U est .
This upper bound is set based on the capability of the
control hardware. For the sake of the analysis provided hereafter, this upper bound is defined based on the number of
operations performed by the exhaustive enumeration algorithm
usually used to solve MPC problems in power electronics [3].
Assuming that a two-step MPC algorithm with exhaustive
enumeration can be implemented in a microprocessor or a
field-programmable gate array (FPGA), then this upper bound
is set to 4,948 flops, as shown in Table V in [14]. Therefore,
the maximum allowable number of operations performed by
the sphere decoder is 4,948 − n2 , since n2 flops are required
∼
for the computation of the unconstrained solution Uunc , based
on the analysis given in [14].
The flops performed by the sphere decoder can be summarized as

μ


Na = 3 μ − 1 +
n − m(ν)
,
ν=1

it can be observed that, in a few cases, the latter results in
a slightly tighter sphere, see Fig. 5. Therefore, the radius ρ1
resulting from (8) can be used as the default initial radius of
the sphere, but whenever ρ2 (as computed by (9)) is smaller,
then that value could be used instead3,4 . By doing so, the
estimated solution U est , either in the form of U bab , or in
the form of U ed (depending on whether ρ1 or ρ2 is used,
respectively), is the same as the optimal solution U ∗ in about
98.7% of the cases. Therefore, the estimated solution U est
could be always applied to the plant, with high confidence
that in the vast majority of cases it is equal to the optimal
solution. As implied, the sphere decoder is not necessary to
be used whatsoever, thus the computational complexity of the
control algorithm is significantly reduced, but at the expense
of a somewhat deteriorated plant performance.
B. Algorithm With Stopping Criterion
As an alternative, in order to keep the performance of the
drive system close to the optimal one by applying the optimal
solution as often as possible, while keeping the computational
burden relatively low, a stopping criterion is added to the
sphere decoder. Concretely, an upper bound on the flop count
is imposed considering the limited computational power available. This allows one to keep the computational complexity
of the algorithm fixed, since the asymptotic running time of
the algorithm is bounded by a constant. Whenever the flops
performed by the sphere decoder exceed this bound without
having found a solution, then the last fully computed sequence
of control actions U sub is implemented instead. In the case
where a control sequence has not been fully assembled within
3 Note that, subscripts “1” and “2” are added in ρ to denote the radius
computed by (8) and (9), respectively.
4 This implies that the initial value of the radius in Algorithm 1 has to be
changed from ρ ← ρ(k) = ρ1 (k), to ρ ← min{ρ1 (k), ρ2 (k)}.

Ns = 3μ ,
Nm = 3μ .

(11)

with Na , Ns and Nm being the total number of additions,
subtractions, and multiplications, respectively. As already
mentioned, and as also can be seen in (11), the flops performed
depend on both the number of nodes μ examined and their
dimension m. In particular, according to Algorithm 1, all the
flops are performed for the update of the intermediate radius d
(see Line 4). Hence, for a node at the mth level, n − m + 1
additions5 are required in total, since n − m additions are
∼
∼
performed for the computation of H (m,m:n) Um:n and one for
the addition || ∗ ||22 + d2 . Moreover, only one multiplication is
needed regardless of the dimension of the node; the one for
squaring the Euclidean norm || ∗ ||22 . For the computation of
∼
∼
the matrix-vector product H (m,m:n) U m:n no multiplications
∼
are required: since U ∈ U the result of each multiplication
h̃m,i ũi , with m ≤ i ≤ n, is one of the values {h̃m,i , −h̃m,i , 0}.
Furthermore, only one subtraction is performed per node.
Finally, the factor “3” in (11) stems from the fact that for
each node explored the two sibling nodes have to be evaluated
to determine whether they lie inside of the hypersphere (note
that |U| = 3). This is required to get a “certificate” that the
solution is found.
The total number of operations Nt = Na + Ns + Nm + n2
performed in real time, i.e., the operations performed by the
sphere decoder plus the n2 flops required for the computation
of the unconstrained solution, is summarized in Table I.
Three cases are examined: (a) the optimal solution is always
applied, i.e., the sphere decoder is used without any stopping
criteria, (b) the estimate of the optimal solution U est is always
applied, i.e., the sphere decoder is inactive and U bab or U ed
is implemented, and (c) the optimal solution or a suboptimal
one is applied, depending on whether the predefined upper
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5 Except

when m = n, where there are n − m = 0 additions.

TABLE I: Average and maximum number of operations Nt performed in real time when applying (a) the optimal solution, (b) the estimated solution, and
(c) the optimal or a suboptimal solution, based on the flop count upper bound. The percentage of times the optimal and estimated solutions are the same in
each case is also shown.
Prediction
horizon N
1
2
3
4
5
7
10

U∗
avg(Nt ) max(Nt )
45
99
139
291
278
501
466
897
702
1,587
1,321
3,030
2,715
8,268

avg(Nt )
9
36
81
144
225
441
900

U est
max(Nt )
9
36
81
144
225
441
900

bound count is violated or not, i.e., the modified sphere
decoder with the stopping criterion is used. Specifically, the
table shows the average and maximum number of operations
Nt performed in real time for different prediction horizons6.
The weighting factor λu is tuned such that the converter
operates at a switching frequency of about 300 Hz in all cases
examined, regardless of the prediction horizon. In addition,
the percentage of times the optimal solution U ∗ is equal to
the estimated solution U est is shown. This can be interpreted
as the success probability of the initial guess.
As can be seen in Table I, when a ten-step horizon is
used and the estimated solution is always applied, then the
estimated and optimal solutions are the same in 95.7% of the
cases. Thus, a suboptimal solution is essentially implemented
in only 4.3% of the cases, implying that the plant performance
is only slightly deteriorated, as shown in Section V. On the
other hand, and for the same case examined (N = 10), when
a suboptimal solution is occasionally implemented, then the
initial guess is equal to the solution in 98.7% of the cases.
However, a suboptimal solution is applied in even less cases,
since not in all these 1.3% of the cases the predefined flop
count upper bound is violated; the sphere decoder manages to
find the optimal solution before hitting the bound. Actually,
a suboptimal solution U sub is applied in 0.9% of the cases,
implying that the performance is only marginally suboptimal.
This can be seen in Table II, where the percentage of times
the optimal solution is applied is shown.
V. P ERFORMANCE E VALUATION
To obtain the simulation results presented in this section, an
MV drive (Fig. 1) consisting of a squirrel cage IM with 3.3 kV
rated voltage, 356 A rated current, 2 MVA rated power, 50 Hz
nominal frequency, 0.25 p.u. total leakage inductance, and a
three-level NPC with constant dc-link voltage Vdc = 5.2 kV
and a fixed neutral point N, is considered. The rated values
of the induction machine and the parameters of the drive are
summarized in Table III both in SI quantities and in the p.u.
system. For all cases examined, the controller was operated
with the sampling interval Ts = 25 μs. All results are shown
in the p.u. system.
6 The maximum number of flops max(N ) is derived based on the worstt
case scenario, i.e., the case where (a) the maximum number of nodes max(μ)
is explored, and (b) U ∈ U \ {0}, since multiplications with zero result in a
decrease in the number of additions.

∗

U = U est %
99.4
99.2
98.9
98.5
97.9
97.0
95.7

avg(Nt )
45
139
278
466
702
1,321
2,673

U ∗ or U sub
max(Nt ) U ∗
99
291
501
897
1,587
3,030
4,849

= U est %
99.5
99.4
99.3
99.3
99.2
99.1
98.7

TABLE II: The percentage of times the optimal solution is applied when
applying (a) the estimated solution, and (b) either the optimal or a suboptimal
solution, based on the flop count upper bound, depending on the length of
the prediction horizon N .
Prediction
horizon N
1
2
3
4
5
7
10

U est
U ∗ or U sub
U applied = U ∗ %
99.4
100
99.2
100
98.9
100
98.5
100
97.9
100
97.0
100
95.7
99.1

In Fig. 6 the steady-state performance of the drive is
depicted when the optimal and the two suboptimal search
strategies described are used to solve the MPC problem. In
particular, Figs. 6(a)—6(c) show the behavior of the drive
when the optimal solution is always applied (i.e., the sphere
decoder always finds a solution), for Figs. 6(d)—6(f) the
system performance is examined when the estimated solution
is implemented (i.e., the sphere decoder is not used), whereas
in Figs. 6(g)—6(i) the same scenario is shown when the sphere
decoder with the stopping criterion is used. A ten-step horizon
(N = 10) MPC is tested. The switching frequency of the
drive is about 300 Hz, after appropriately tuning the weighting
factor λu . The three-phase stator current waveforms with their
references, and the resulting current spectrum are depicted
in Figs. 6(a), 6(d) and 6(g), and Figs. 6(b), 6(e) and 6(h),
respectively. As can be seen, when the sphere decoder is not
used, the total harmonic distortion (THD) of the current is with
5.29% relatively low, considering the low switching frequency
and the fact that the estimated and optimal solutions are equal
in 95.7% of the cases. With regards to the sphere decoder
with the stopping criterion, the THD is 4.99%, thus very close
to the optimal one, which is 4.95%. Finally, the three-phase
switching sequences are shown in Figs. 6(c), 6(f) and 6(i).
Table IV summarizes the resulting THD for the three cases
discussed in Table I for different lengths of the prediction
horizon N . The weighting factor λu is tuned such that a
switching frequency of about 300 Hz results. As can be seen,
when the estimated solution is implemented, the THD is
slightly worse compared to that resulting from the optimal
case. However, the delivered algorithm is much less com-
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TABLE III: Rated values and parameters of the drive
Rated values
3,300 V
356 A
1.587 MW
2.035 MVA
50 Hz
596 rpm

Voltage
Current
Real power
Apparent power
Stator frequency
Rotational speed

Parameters
Induction Motor
Stator resistance (Rs )
57.61 mΩ (0.0108 p.u.)
Rotor resistance (Rr )
48.89 mΩ (0.0091 p.u.)
Stator leakage reactance (Xls )
2.544 mH (0.1493 p.u.)
Rotor leakage reactance (Xlr )
1.881 mH (0.1104 p.u.)
Mutual reactance (Lm )
40.01 mH (2.349 p.u.)
Inverter
Dc-link voltage (Vdc )

5.2 kV (1.930 p.u.)
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(a) Three-phase stator current is (solid lines) and (b) Stator current spectrum. The THD is 4.95%.
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Fig. 6: Simulated waveforms produced by the optimal and the two suboptimal search algorithms employed to solve the direct model predictive control problem
with current reference tracking at steady-state operation, at full speed and rated torque. (a)—(c) The optimal solution is always applied, (d)—(f) the estimated
solution is always applied, and (g)—(i) either the optimal or a suboptimal solution is applied, based on the flop count upper bound. A ten-step horizon
(N = 10) is used, and the sampling interval is Ts = 25 μs. The weighting factor λu is tuned such that a switching frequency of approximately 300 Hz results
in all cases examined.

putationally expensive since its running time is O(n2 ), thus
longer prediction horizons can be implemented and the system
performance can be improved. As an example, consider the
suboptimal MPC with a ten-step horizon and the optimal
MPC with a four-step horizon. As can be seen in Table I,
these two algorithms are equally computationally expensive
since 900 flops are required for the former algorithm, whereas
max(Nt ) = 897 flops for the latter. The resulting THD,
though, is 5.29% when the estimated solution is applied, which
is less than the 5.37% THD produced by MPC when the

optimal solution is implemented (see Table IV). On the other
hand, when the sphere decoder with the stopping criterion is
implemented, the performance of the drive remains close to the
optimal one, but the computations required in the worst-case
scenario are reduced by approximately 41%, see the N = 10
case in Table I.
VI. C ONCLUSIONS
This paper proposes suboptimal search algorithms with
bounded computational complexity for solving the direct
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⎡
1
⎢
Xr Vdc ⎢0
E=
⎢
Φ 2 ⎣0
0

TABLE IV: Resulting THD when applying (a) the optimal solution, (b) the
estimated solution, and (c) the optimal or a suboptimal solution, based on the
flop count upper bound, for different lengths of the prediction horizon N .
Prediction
Horizon N
1
2
3
4
5
7
10

U∗
5.76
5.65
5.43
5.37
5.29
5.09
4.95

U est
U ∗ or U sub
THD %
5.83
5.76
5.76
5.65
5.68
5.43
5.59
5.37
5.54
5.29
5.38
5.09
5.29
4.99

A PPENDIX
The output voltage of the inverter—which is the same as
the stator voltage v s,αβ —is given by
Vdc
Vdc
uαβ =
Ku .
2
2

(12)

Considering (12) and the drive parameters, i.e., the stator
Rs and rotor Rr resistances, and the stator Xls , rotor Xlr and
mutual Xm reactances, the state equations are7 [20]


0 −1
dis
1
1
Xr
Xm
= − is +
ψr +
vs
− ωr
dt
τs
τr
Φ
Φ
1 0
(13a)


Xm
dψ r
1
0 −1
=
is − ψ r + ωr
(13b)
ψr
dt
τr
τr
1 0
2
where Φ = Xs Xr − Xm
, Xs = Xls + Xm , Xr = Xlr +Xm ,
and the stator and rotor time constants τs and τr , are given by
2
) and τr = Xr /Rr , respectively.
τs = Xr Φ/(Rs Xr2 + Rr Xm
Thus, the matrices D, E, and F in (1) are
⎤
⎡ 1
Xm
0
ωr XΦm
− τs
τr Φ
⎢ 0
Xm ⎥
− τ1s −ωr XΦm
⎢
τr Φ ⎥ ,
D = ⎢ Xm
⎥
⎣ τ
0
− τ1
−ωr ⎦
r

0

Xm
τr

r

ωr


0 0
.
0 0
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