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Abstract—This paper proposes an optimal modulation
strategy—in the form of optimized pulse patterns (OPPs)—
for three-level converters driving medium-voltage induction ma-
chines. The proposed method minimizes, and, when physically
possible, eliminates the low-order torque harmonics. Different
symmetry properties of the pulse patterns are considered, and
it is mathematically shown that relaxing the pattern symmetry
provides additional degrees of freedom. This enables suppres-
sion of the targeted torque harmonics while keeping current
harmonics low and close to those of conventional OPPs, used
as a baseline. At the same time, the torque ripple produced by
the proposed OPPs is comparable to—or, for some modulation
indices, even lower than—that of the baseline OPPs. Numerical
and experimental results based on a scaled-down, low-voltage
drive system demonstrate the effectiveness of the proposed
optimal modulation method.

Index Terms—Optimized pulse patterns (OPPs), three-level
converters, synchronous optimal pulse width modulation,
quarter-wave symmetry, half-wave symmetry, medium-voltage
(MV) drives.

I. I NTRODUCTION

T HE switching nature of pulse width modulation (PWM)
causes harmonic distortions in the converter output volt-

age and, consequently, in the load current. When the load is a
machine, these harmonic distortions also appear in the stator
�ux. The interaction between the current and �ux harmonics
then gives rise to torque harmonics [1].

Conventional PWM methods typically aim to achieve low
harmonic distortion in the output current without consider-
ing the torque harmonics. At high switching-to-fundamental
frequency ratios, i.e., pulse numbers, carrier-based PWM
(CB-PWM) and space vector modulation (SVM) can pro-
duce currents of high quality. At lower pulse numbers, their
performance deteriorates, and programmed PWM methods,
such as selective harmonic elimination (SHE) [2], [3] and
optimized pulse patterns (OPPs) [4], provide effective means
of reducing harmonic distortions. However, the presence of
low-order voltage and current harmonics results in low-order
torque harmonics. These are undesirable because, when their
frequencies are close to the mechanical resonance of the shaft,
they can lead to pulsating torque oscillations and potentially
damage the motor shaft [5], [6]. Therefore, it is desirable to

The work of I. Koukoula was supported by ABB Oy Drives. The work of
P. Karamanakos was supported by the Research Council of Finland.

I. Koukoula and P. Karamanakos are with the Faculty of Information Tech-
nology and Communication Sciences, Tampere University, 33101 Tampere,
Finland; e-mail: isavella.koukoula@tuni.�, p.karamanakos@ieee.org

T. Geyer is with ABB System Drives, 5300 Turgi, Switzerland;e-mail:
t.geyer@ieee.org

minimize the amplitude of these harmonics, if not eliminate
them.

A common approach to mitigating torque ripple is to adjust
the current reference fed into the inner control loop [7], [8].
Different methods have been proposed to compute the optimal
current harmonic injection that achieves this objective [9],
[10]. In addition, this approach to torque harmonic minimiza-
tion can be applied with a low pulse number PWM method,
as shown in [11].

Alternatively, torque harmonic reduction can be achieved
through modulation, thus keeping the control structure simple.
Conventional SVM can reduce the torque ripple by modifying
the switching sequences and using advanced bus-clamping
PWM techniques [12]. Moreover, hybrid PWM methods,
which combine discontinuous and continuous switching pat-
terns with different switching frequencies, can reduce the
torque ripple while keeping the current distortions close to
those of conventional SVM. Such strategies have been ap-
plied to induction motor (IM) drives [13]–[15] and to dual-
inverters driving wound rotor induction machines [16], [17].
Furthermore, by adjusting the carrier frequency of the hybrid
discontinuous PWM patterns, the torque ripple can be reduced
while simultaneously lowering the switching losses [18]. A
similar concept can also be applied to continuous SVM, where
dynamically adjusting the switching frequency reduces the
torque ripple [19]. These PWM-based methods, however, are
designed for high pulse numbers, and their operating principles
may no longer hold when the pulse number is signi�cantly
reduced.

For low pulse numbers, the predominately used modulation
methods, i.e., SHE and OPPs, mainly focus on the current
harmonic distortions. However, since SHE eliminates a pre-
de�ned number of low-order current harmonics for a given
pulse number, as a byproduct, the resulting low-order torque
harmonics are also eliminated. In addition, the torque ripple
of SHE can be reduced by selecting, among the multiple
possible solutions, the one with the lowest torque total demand
distortion (TDD) [20]. However, the utilization of the dc-
link voltage is limited with SHE because it is not possible
to eliminate the low-order current harmonics over the whole
modulation range.

On the other hand, conventional OPPs minimize the stator
current TDD without directly bounding the amplitudes of the
low-order current harmonics. Therefore, undesired low-order
torque harmonics may arise [21]. To address this, different
modi�cations to the optimization problem of OPPs have
been proposed. In [22]–[24], OPPs that suppress the torque
harmonics are produced considering minimizing the torque—



instead of the current—TDD as the optimization objective. In
addition, individual torque harmonics can be eliminated by
introducing explicit constraints on the amplitude of targeted
OPP harmonics [25]–[28].

However, targeting the torque distortions alone typically
deteriorates the current quality. Therefore, it could be ben-
e�cial to mitigate the low-order torque harmonics instead of
eliminating them [29]. By doing so, the modulation range can
be extended [30] and a better trade-off between current and
torque quality can be enabled [31]. As an alternative, a good
balance between these two objectives can be achieved by com-
bining them into a single objective function, as demonstrated
with dual three-phase permanent magnet synchronous motors
(DTP-PMSMs) in [32] and [33].

In most of the OPP methods discussed above, only the
amplitude of the current harmonics is manipulated to reduce
the torque harmonics. However, when relaxing the symmetry
properties of the pulse pattern, both the amplitude and the
phase of the current harmonics can be manipulated, intro-
ducing additional degrees of freedom into the optimization
problem [34]. This �exibility can be exploited to improve
the current harmonic performance while eliminating targeted
torque harmonics. In addition, relaxing the OPP symmetry
extends the range of modulation indices for which the torque
harmonics can be eliminated, thus enabling higher utilization
of the dc-link voltage.

This work proposes the computation of OPPs that elimi-
nate speci�c low-order torque harmonics, namely the6th and
12th, as they are the root cause of the dominant mechanical
stress and wear of the shaft. To this end, the analytical
relationship between the OPP harmonics and the resulting
torque harmonics is derived, and the appropriate constraints
to eliminate the targeted torque harmonics are incorporated
into the OPP optimization problem. To enable full utilization
of the available dc-link voltage, the proposed OPP problem
is formulated such that the limits on the targeted torque
harmonics are implemented assoft constraints. As a result,
when elimination is not physically possible, the targeted torque
harmonics are insteadminimized, while the feasibility of
the optimization problem is always guaranteed. Moreover, to
achieve this desired feature while simultaneously producing
output currents of high quality, the symmetry properties of
the OPPs are relaxed. As mathematically proven, this re-
laxation equips the optimization with additional degrees of
freedom because it allows the current harmonics that give
rise to the targeted torque harmonics to assume the correct
relative phase, rather than being forced to vanish. As a result,
selective elimination (or minimization) of the most critical
low-order torque harmonics over the entire modulation range
is achieved without signi�cantly increasing the current TDD
compared to conventional OPPs. This favorable behavior is
demonstrated by numerical results based on a medium-voltage
(MV) drive system consisting of a three-level neutral-point-
clamped (NPC) converter and an IM. The effectiveness of
the proposed optimal modulation method is further validated
through experiments on a scaled-down low-voltage (LV) drive
system.

This paper is structured as follows. Section II presents
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Fig. 1: Harmonic model of an induction machine

the conventional OPP optimization problem for three-level
converters. Section III develops the torque harmonic model
based on the OPP harmonics and introduces the proposed
optimal modulation strategy to eliminate or minimize them.
The method is assessed in Section IV through numerical
results based on an MV drive considering IMs at two different
voltage ratings, while Section V experimentally veri�es its
applicability on an LV drive system. Finally, Section VI
concludes the paper.

II. CONVENTIONAL THREE-LEVEL OPPS

A three-level2� -periodic switching patternu(� ) with fun-
damental frequencyf 1 is fully described bỳ switching angles
� i 2 [0; 2� ], i = 1 ; 2; : : : ; `, and ` + 1 switch positions
uj 2 f� 1; 0; 1g, j = 1 ; 2; : : : ; ` + 1 , occurring within one
fundamental period. The device average switching frequency
is f sw = `

4 f 1, where the ratiod = f sw
f 1

= `
4 is de�ned as the

pulse number. Because the switching signalu(� ) is periodic,
it can be represented by the Fourier series

u(� ) =
a0

2
+

1X

n =1

(an cos(n� ) + bn sin(n� )) ; (1)

where an and bn are the Fourier coef�cients of thenth

switching harmonicun with amplitudeûn =
p

a2
n + b2

n .
The output phase voltage and current of the converter can

be expressed as a function of the switching signal harmonics
as follows. The voltage harmonic of thenth order is given by

vn =
Vdc

2
un ; (2)

whereVdc is the dc-link voltage. Additionally, by considering
the harmonic model of the machine shown in Fig. 1 and
assuming negligible stator resistance, i.e.,Rs � 0 (a valid
assumption, particularly for MV machines), the machine can
be modeled as an inductive load with total leakage reactance
X � . As a result, the current harmonics forn > 1 are given by

i n =
an

n! 1X �

Vdc

2
sin(n� ) �

bn

n! 1X �

Vdc

2
cos(n� ) ; (3)

where ! 1 is the fundamental angular frequency. Thus, the
amplitude of thenth current harmonic is

î n =
1

n! 1X �

Vdc

2
ûn : (4)

The optimal switching pattern (i.e., OPP) aims to minimize
the current TDD, given by

I TDD =
1

p
2I nom! 1X �

Vdc

2

vu
u
t

X

n 6=1

�
ûn

n

� 2

; (5)

where I nom is the nominal current. Therefore, the weighted
sum of the OPP harmonics is chosen as the objective function
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Fig. 2: Three-level NPC converter driving a machine.

for the OPP optimization problem since it is proportional to
the current TDD.

Typically, quarter- and half-wave symmetry (QaHWS) and
unipolar switching are imposed on the switching signal. As a
result, onlyd switching angles� � � Q = [ � 1 � 2 : : : � d]T 2
[0; �= 2]d are required to fully describeu(� ). Additionally, due
to the QaHWS, even harmonics and thean Fourier coef�cients
are zero, while thebn coef�cients are

bn =
4

n�

dX

i =1

(� 1)i +1 cos(n� i ) ; n = 1 ; 3; 5; : : : :

Thus, the optimization problem for computing conventional
QaHWS OPPs is

minimize
� Q

J (� Q ) =
P

n =5 ;7;:::

�
bn
n

� 2

subject to b1 = m
0 � � 1 � � 2 � : : : � � d � �

2 ;

(6)

wherem 2 [0; 4=� ] is the desired modulation index. Note that
triplen harmonics do not drive a harmonic current, assuming
a star-connected load with a �oating neutral. For this reason,
they are not considered in the optimization process.

III. T ORQUE-CONSTRAINED THREE-LEVEL OPPS

This section presents the modeling of torque harmonics and
the subsequent optimal modulation method, which eliminates
them or, when physically not possible, minimizes them.

A. Torque Harmonics Modeling

This work considers a three-level NPC converter with an
IM as shown in Fig. 2. The per unit (p.u.) electromagnetic
torque of the IM is given by

Te =
1
pf

�
 s;�� � i s;��

�
; (7)

where pf= cos � is the power factor, with� being the dis-
placement angle. Moreover, s;�� andi s;�� are the stator �ux
and current, respectively, in the stationary�� -plane. These
quantities can be expressed as a sum of their fundamental and
harmonic components.

Starting from the stator �ux, it is given by

vs;�� = Rs i s;�� +
d s;��

dt
: (8)

which holds for both the fundamental and harmonic compo-
nents. The stator voltage in the�� -planevs;�� is computed

by transforming the switching signal to the�� -plane while
taking into account (1) and (2), i.e.,

vs;� =
Vdc

2

 

m sin! 1t +
X

n =6 k � 1

an cosn! 1t + bn sinn! 1t

!

(9a)

vs;� =
Vdc

2

 

� m cos! 1t +
X

n =6 k � 1

� an sinn! 1t + bn cosn! 1t

+
X

n =6 k+1

an sinn! 1t � bn cosn! 1t

!

: (9b)

Therefore, sinceRs � 0, the stator �ux is given by

 s;� = � 	 s cos! 1t

+
X

n =6 k � 1

�
bn

n! 1

Vdc

2
cosn! 1t +

an

n! 1

Vdc

2
sinn! 1t

(10a)

 s;� = � 	 s sin ! 1t

+
X

n =6 k � 1

bn

n! 1

Vdc

2
sinn! 1t +

an

n! 1

Vdc

2
cosn! 1t

+
X

n =6 k+1

�
bn

n! 1

Vdc

2
sinn! 1t �

an

n! 1

Vdc

2
cosn! 1t ;

(10b)

with k 2 N+ . Note that 	 s (with 	 s = 1 p.u. for a fully
magnetized machine) denotes the amplitude of the fundamen-
tal component of the �ux, which—under the assumption of
Rs � 0—lags the fundamental voltage component by90� .

The stator current has a fundamental component with am-
plitude I 1, while its harmonic components are given by (3).
Hence, the stator current in the�� -plane is

i s;� = I 1 sin (! 1t � � )

+
X

n =6 k � 1

�
bn

n! 1X �

Vdc

2
cosn! 1t +

an

n! 1X �

Vdc

2
sinn! 1t

(11a)
i s;� = � I 1 cos (! 1t � � )

+
X

n =6 k � 1

bn

n! 1X �

Vdc

2
sinn! 1t +

an

n! 1X �

Vdc

2
cosn! 1t

+
X

n =6 k+1

�
bn

n! 1X �

Vdc

2
sinn! 1t �

an

n! 1X �

Vdc

2
cosn! 1t :

(11b)
By substituting (10) and (11) into (7), the resulting non-zero

torque harmonics are of ordern = 6 k, k 2 N+ , and can be
written as

Te;n =
Vdc

2! 1pf

 � �
I 1 sin � �

	 s

X �

� �
bn � 1

n � 1
�

bn +1

n + 1

�
�

I 1 cos�
�

an � 1

n � 1
+

an +1

n + 1

� � 2

+
� �

I 1 sin � �
	 s

X �

� �
an � 1

n � 1
�

an +1

n + 1

�
+

I 1 cos�
�

bn � 1

n � 1
+

bn +1

n + 1

� � 2
! 1

2

:

(12)



Note that (12) can be further simpli�ed under QaHWS condi-
tions, as the Fourier coef�cientsan are zero.

B. OPPs That Eliminate/Minimize Torque Harmonics

The conventional OPP optimization problem given by (6)
can be modi�ed to eliminate speci�c low-order torque har-
monics by adding a (hard) constraint of the form

Te;6k = 0 (13)

to the optimization problem. In this work,k = 1 and 2 are
chosen to eliminate the6th and12th torque harmonics, as these
are the most relevant that can induce mechanical oscillations.
As shown in the appendix, achievingTe;6k = 0 requires
eliminating both thei 6k � 1 and i 6k+1 current harmonics. To
avoid numerical issues caused by these hard constraints, and
thus guarantee the feasibility of the torque-constrained OPP
optimization problem even at high modulation indices, the
equality constraints (13) are relaxed and implemented as soft
constraints of the form

Te;6k � � k ; k 2 f 1; 2g ; (14)

where� k is a slack variable introduced into the optimization
problem. Thus, with (14), the proposed OPP problem is
formulated as

minimize
� Q ; �

J (� Q ) =
P

n =5 ;7;:::

�
bn
n

� 2
+ � T W �

subject to b1 = m
0 � � 1 < � 2 < : : : < � d � �

2

Te;6k � � k ;

� k � 0 ; k 2 f 1; 2g ;

(15)

where � = [ � 1 � 2]T is the vector of slack variables. Note
that these slack variables are heavily penalized through the
(diagonal) weighting matrixW in the objective function to
ensure that violations of the (soft) torque constraints are
avoided whenever physically possible.

The QaHWS requirement allows manipulation only of the
amplitude of the current harmonics, which leads to increased
current TDD when the torque harmonics are suppressed. To
mitigate this, the symmetry properties of the switching signal
are relaxed. By considering half-wave symmetric (HWS) pulse
patterns, both the amplitude and phase of the current harmon-
ics can be manipulated. As a result, eliminatingTe;6k only
requires thati 6k � 1 andi 6k+1 have equal (non-zero) amplitudes
and a speci�c phase difference, as shown in the appendix.1

These additional degrees of freedom enable the eliminationof
low-order torque harmonics without signi�cantly deteriorating
the current TDDI TDD, as demonstrated in Section IV. In
addition, thanks to the relaxation of the symmetry, the torque
harmonics can be fully eliminated over a wider range of mod-
ulation indices. Nonetheless, also in this case, soft constraints
are preferred over hard constraints to avoid any feasibility
issues.

1Note that the required phase difference depends on the operating point
and the total leakage reactance, as derived in the appendix.

TABLE I: MV drive system#1 : Parameters for numerical results

Parameter Symbol SI value
Rated line-to-line voltage VR 3:45kV
Rated stator current I R 2:2 kA
Rated angular stator frequency ! R 2� 50 rad/s
Dc-link voltage Vdc 4:84kV
Total leakage inductance L � 0:735mH

Given the above, the2d switching angles � H =
[� 1 � 2 : : : � 2d]T 2 [0; � ]2d required to fully describe the
HWS torque-constrained pulse pattern are computed by solv-
ing

minimize
� H ; �

J (� H ) =
P

n =5 ;7;11;:::
a2

n + b2
n

n 2 + � T W �

subject to a1 = 0 ;

b1 = m
0 � � 1 � � 2 � : : : � � 2d � �

Te;6k (� ) � � k ;
� k � 0 ; k 2 f 1; 2g :

(16)

As in problem (6), only odd non-triplen harmonics are con-
sidered since even harmonics remain zero due to the HWS.
Moreover,a1 = 0 such that the phase of the fundamental
component is zero. Finally, the Fourier coef�cients of the HWS
switching pattern are

an = �
2

n�

2dX

i =1

(� 1)i +1 sin(n� i ) ; n = 1 ; 3; 5; : : :

bn =
2

n�

2dX

i =1

(� 1)i +1 cos(n� i ) ; n = 1 ; 3; 5; : : : :

IV. N UMERICAL RESULTS

The proposed torque-constrained OPPs are evaluated nu-
merically considering an MV drive system, whose parameters
are summarized in Table I. The QaHWS torque-constrained
OPPs (see problem (15)) and HWS torque-constrained OPPs
(see problem (16)), referred to as QaHWS–T and HWS–T
OPPs, respectively, are compared with conventional QaHWS
OPPs (see problem (6)) and SHE. In addition, comparisons
are presented with OPPs that minimize the torque TDDTTDD

and OPPs that co-minimize the torque and current TDD, as
proposed in [33]. These OPPs, hereafter referred to as TCH-
SPWM, are computed by solving an optimization problem
similar to (6), with the objective function

J (� Q ) = �I TDD + (1 � � )TTDD ; (17)

where � 2 [0; 1] sets the relative priority between the two
objectives. OPPs that solely minimizeTTDD correspond to� =
0, while those that simultaneously minimize both current and
torque TDD use� = 0 :9 (note that for� = 1 , the conventional
OPPs are recovered)

All pulse patterns have a pulse numberd = 5 , meaning that
SHE eliminates the5th, 7th, 11th, and13th current harmonics.
For the proposed torque-constrained OPPs, the weighting
matrix is set toW = 109I 2, whereI 2 is the two-dimensional
identity matrix. This value ensures that the slack variables are
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Fig. 3: Programmed modulation methods for MV drive system#1 with d = 5 . The solid (blue) line corresponds to conventional QaHWS OPPs, the dashed
(red) line to QaHWS–T OPPs, the dash-dotted (green) line to HWS–T OPPs, the dotted (magenta) line to SHE, the solid (orange) line to TCHSPWM with
� = 0 , and the dashed (mint) line to TCHSPWM with� = 0 :9.

penalized several orders of magnitude more strongly than the
term relating to the current TDD. Although the exact value is
not critical, as any suf�ciently large weight yields the same
behavior,109 offers a convenient choice for the whole range
of modulation indices.

For the presented results in this paper, all OPPs are com-
puted of�ine for the chosen pulse numberd = 5 over the full
range of modulation indicesm 2 [0; 4=� ], which is uniformly
discretized into256 grid points. The proposed computation
procedure is general and can be applied to other pulse numbers
if required [35]. All OPP optimization problems are solved
using fmincon in MATLAB with sequential quadratic pro-
gramming (SQP). Due to the highly non-convex nature of
the problems, multiple runs with different initial switching
angles are performed to increase the likelihood of �nding the
global optimum. The initial angles are generated using Halton
sequences to ensure uniform coverage of the search space.2

Operation at nominal torque with� = 35 � is assumed both
for the computation of the proposed torque-constrained OPPs
and the evaluation of the different modulation methods. To
ensure full magnetization of the machine, the modulation index
is kept proportional to the fundamental frequency, with the
nominal modulation index beingmN = 1 :16 at rated speed,
as can be deduced from the parameters in Table I.

A. OPPs With Eliminated Low-Order Torque Harmonics

The different modulation methods are compared in terms of
current and torque TDD, see Fig. 3. As shown in Fig. 3(a),

2The total computation time for the proposed HWS–T OPPs with pulse
numberd = 5 over the full range of modulation indices was approximately
six hours on an Intel(R) Xeon(R) CPU E5-2620 v3 @ 2.40 GHz.

TABLE II: MV drive system #2 : Parameters for numerical results

Parameter Symbol SI value
Rated line-to-line voltage VR 3:55kV
Rated stator current I R 2:2 kA
Rated angular stator frequency ! R 2� 50 rad/s
Dc-link voltage Vdc 4:84kV
Total leakage inductance L � 0:756mH

QaHWS–T OPPs can eliminate the low-order torque harmon-
ics over the whole range of modulation indices of interest,
albeit with increased harmonic distortions compared to the
conventional QaHWS OPPs. As visualized in Fig. 4(c) for
operation at the nominal modulation index, eliminating the
nth-order torque harmonics, withn = 6 ; 12, requires the
correspondingn � 1 andn + 1 current harmonics to be zero.
In the vicinity of the nominal modulation index, the QaHWS–
T OPPs and SHE coincide. However, at most modulation
indices, SHE results in current distortions higher than or equal
to those of the QaHWS–T OPPs, see Fig. 3(a), since it does
not explicitly minimize the current distortion.

Relaxing the OPP symmetry properties (as illustrated in
Fig. 5, which shows the optimal switching angles of the
HWS–T OPPs over the entire modulation index range) enables
elimination of the low-order torque harmonics without zeroing
the corresponding low-order current harmonics. As can be
seen in Fig. 4(e), then � 1 andn + 1 current harmonics only
need to have equal (non-zero) amplitudes to eliminate the
nth torque harmonic. As a result, the mechanical oscillations
associated with these harmonics can be suppressed with only
a minor increase in the current TDD compared to the baseline
TDD of conventional QaHWS OPPs (see Fig. 3(a)). Moreover,
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Fig. 4: Current and torque harmonic spectra at modulation index m = 1 :16.
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Fig. 5: Switching angles of the proposed HWS–T OPPs ford = 5 .

although the proposed OPPs do not directly target the torque
ripple, the torque TDD of HWS–T OPPs is comparable to,
and for some modulation indices even lower than, that of the
conventional QaHWS OPPs, see Fig. 3(b).

When compared to OPPs that incorporate the torque TDD
in the objective function (i.e., TCHSPWM), the torque ripple
reduction achieved by the proposed HWS–T OPPs is smaller.
However, the torque TDD improvement of TCHSPWM is
obtained at the cost of signi�cantly increased current harmonic
distortions. Setting� = 0 :9 in the TCHSPWM objective
function (17) yields a more balanced trade-off between current
and torque TDD, but still fails to suppress the dominant low-
order torque harmonics, as shown in Figs. 3(c) and 3(d). In
contrast, the proposed HWS–T OPPs not only eliminate the6th

and 12th torque harmonics but also maintain superior current
quality.

To further highlight this favorable performance, the current
and torque harmonic spectra at modulation indexm = 0 :72
are shown in Fig. 6 as an example. As seen in Fig. 6(c), when
QaHWS–T OPPs are used, the low-order current harmonics

are zero, and the harmonic content is shifted to higher fre-
quencies compared to Fig. 6(a), resulting in increased TDD for
both the current and torque. In contrast, with HWS–T OPPs
the low-order current harmonics do not need to be zero to
eliminate the6th and12th torque harmonics. Consequently, the
current TDD stays close to that of QaHWS OPPs, while also
improving torque quality, see Figs. 6(f) and 6(b). Finally,at
this modulation index, SHE performs worse than OPPs both
in terms of current and torque distortions.

B. Medium-Voltage Machine With Higher Rated Voltage

To better demonstrate the ability of the proposed torque-
constrained OPPs to achieve higher dc-link voltage utilization,
an IM with a rated voltage of3:55kV is considered. The total
leakage reactance is adjusted to match the same p.u. value
used previously. The new system parameters are summarized
in Table II, implying that the nominal modulation index is
mN = 1 :2.

As can be seen in Fig. 7, the pattern symmetry affects the
range of modulation indices for which the torque harmonics
can be eliminated. Speci�cally, QaHWS–T OPPs can eliminate
the6th and12th torque harmonics up tom = 1 :17. This is also
the maximum modulation index for which SHE withd = 5
can be computed. Thus, the machine cannot be operated at
nominal modulation index using SHE. In contrast, QaHWS–T
OPPs can be computed over the whole modulation range of
interest thanks to the soft constraints used in problem (15).
Due to the selected weighting matrix, the amplitude of the6th

torque harmonic is minimized as much as physically possible
for m > 1:17, see Fig. 7(c), albeit at the expense of a slightly
increased12th torque harmonic, see Fig. 7(d).
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Fig. 6: Current and torque harmonic spectra at modulation index m = 0 :72.

When the OPP symmetry is relaxed, the low-order torque
harmonics can be eliminated without forcing the low-order odd
non-triplen current harmonics to zero. Consequently, OPPs
with zero6th and12th torque harmonic can be computed over
a wider range of modulation indices, namely up tom = 1 :19.
Importantly, this desired feature is achieved without signi�-
cantly compromising the output current quality, see Fig. 7(a).
For m > 1:19, some low-order torque harmonics appear, but
their amplitudes are below0:01p.u. and notably lower than
with QaHWS–T OPPs. These reduced torque harmonics, how-
ever, come at the cost of increasedI TDD compared to QaHWS–
T OPPs. As seen in Fig. 8(e), at the nominal modulation index
the current TDD of HWS–T OPPs is more than double that of
the conventional QaHWS OPPs. In contrast, the torque TDD
is lower, compare Figs. 8(b) and 8(f). Finally, due to the soft
constraints, thenth (n 2 f 6; 12g) torque harmonic of torque-
constrained OPPs is non-zero at the nominal modulation index
because then � 1 andn + 1 current harmonics are not equal,
see Figs. 8(c) and 8(e).

C. Effect on the Common-Mode Voltage

Constraining the torque harmonics and relaxing symmetry
can in�uence other performance metrics, such as the common-

mode voltage (CMV). The impact of the different modulation
methods on the CMV is assessed in Fig. 9.

As can be observed, conventional SHE not only eliminates
the low-order torque harmonics, but also reduces the rms CMV
compared to conventional OPPs. This behavior is inherent
to SHE and arises because its switching angles satisfy the
constraint

� d � � 1 � �= 3 ; (18)

which has been shown to bound the maximum value of the
CMV to 1=6 of the dc-link voltage [36].

On the other hand, OPPs designed to eliminate speci�c low-
order torque harmonics may lead to an increase in the CMV for
certain ranges of the modulation index, while yielding lower
CMV in others. More speci�cally, QaHWS–T OPPs increase
the CMV for m 2 [0; 0:62] [ [0:67; 0:95]. When relaxing the
symmetry properties, the CMV is increased over a narrower
range of modulation indices in relative to conventional OPPs,
namely m 2 [0:40:43] [ [0:47; 0:7] [ [0:76; 0:86]. This be-
havior is a direct consequence of the fact that common-mode
harmonics are not explicitly considered in the optimization
problem. Nevertheless, if suppressing torque harmonics while
also keeping the CMV bounded is of interest, the constraint
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Fig. 7: Programmed modulation methods for MV drive system#2 with d = 5 . The solid (blue) line corresponds to conventional QaHWS OPPs, the dashed
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Fig. 8: Current and torque harmonic spectra at modulation index m = 1 :2.

proposed in [37] can be directly incorporated into the opti-
mization problem.

Finally, for completeness, it should be noted that, if desired,
other performance metrics—such as converter losses (switch-
ing and conduction losses) and the junction temperature—
that might be affected by the addition of the constraints

on the torque harmonics can be effectively controlled by
explicitly incorporating appropriate constraints into the OPP
formulation, as demonstrated in [38], [39] for converter losses
and in [40], [41] for the junction temperature.
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Fig. 10: Maximum amplitude of torque harmonics for variations of the
displacement angle� by � � = 10 � around� = 35 � for MV drive system
#2 with d = 5 . The dashed (red) line corresponds to conventional QaHWS–
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D. Robustness to Displacement Angle Variations

As can be inferred from (12), the torque harmonics are a
function of the displacement angle. Given that the power factor
changes during operation, it is essential to evaluate the level
of suppression of the low-order torque harmonics produced
by the proposed torque-constrained OPPs over a range of
displacement angles. Fig. 10 shows the maximum amplitude
of the considered torque harmonics produced by the OPPs
computed at� = 35 � over a range of displacement angles
� � � � , with � � = 10 � .

Starting with the proposed QaHWS–T OPPs, as shown
in the appendix, to eliminate thenth (n = 6 ; 12) torque
harmonic, then � 1 and n + 1 current harmonics must be
eliminated. As a result, for modulation indicesm � 1:17, the
torque harmonics remain zero even as the displacement angle
changes. On the other hand, HWS–T OPPs can eliminate the
nth torque harmonic when then� 1 andn+1 current harmonics
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Fig. 11: Programmed modulation methods for MV drive system#2 with
d = 5 at � = 35 � . The solid (dark blue) line corresponds to conventional
QaHWS OPPs, the dashed (red) line to QaHWS–T OPPs, the dash-dotted
(green) line to HWS–T OPPs, the dotted (magenta) line to SHE,the dotted
(light blue) line to robust HWS–T OPPs computed for� � � � with � � =
10� .

are equal and have a speci�c phase difference, which is
determined by the displacement angle. As a result, the6th and
12th torque harmonics of the HWS torque-constrained OPPs
become non-zero when the operating point is changed. Yet,
the produced torque harmonics remain low, below0:003p.u.
up to a modulation index ofm = 1 :19, which is the highest
modulation for which the low-order torque harmonics can be
zeroed with HWS–T OPPs, see Fig. 10.

Even though the variation ofTe;6 and Te;12 produced by
HWS–T OPPs is small, complete elimination over a range
of displacement angles might be desired. For that reason, a
modi�cation to the torque constraint is proposed. Speci�cally,
the torque-harmonic constraint

Te;6k (� ) � � k ; k 2 f 1; 2g (19)

in (16) is replaced by

Te;6k (� ) � � k and

Te;6k (� + � � ) � � k and

Te;6k (� � � � ) � � k ; k 2 f 1; 2g :

(20)

By doing so,robustHWS–T OPPs that suppress the low-order
torque harmonics over a range of displacement angles can be
computed.

The effectiveness of the proposed constraint is veri�ed in
Fig. 10 for robust HWS–T OPPs computed considering a
variation � � = 10 � around � = 35 � . As can be seen,
the 6th and12th torque harmonics are successfully eliminated
for modulation indices up tom = 1 :17, even when the
displacement angle changes. For higher modulation indices,
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Fig. 12: Current and torque harmonic spectra at modulation index m = 0 :63.

some low-order torque harmonics—which are comparable to
those of HWS–T OPPs optimized exclusively for� = 35 � —
are produced. Nonetheless, their amplitude remains relatively
low considering the high modulation index.

The proposed robust HWS torque-constrained OPPs are
compared to the QaHWS–T and HWS–T OPPs designed for
� = 35 � in Fig. 11 in terms of current and torque TDD at
� = 35 � . As can be observed, the robust HWS–T OPPs coin-
cide with the QaHWS–T OPPs for most modulation indices.
The HWS region exists only form 2 [0:61; 0:66][ [0:86; 0:91].
This is due to the fact that, in order to eliminate thenth torque
harmonic over a range of displacement angles, then � 1 and
n + 1 current harmonics must be zero, see Fig. 12(g). This
is the same constraint as for QaHWS–T OPPs. However, the
relaxation of the symmetry allows lower current harmonic dis-
tortions compared to QaHWS–T OPPs, and, for a limited range
of modulation indices, also reduced torque TDD compared to
the conventional QaHWS OPPs.

V. EXPERIMENTAL RESULTS

The numerical evaluation of the proposed OPPs in Sec-
tion IV, carried out for an MV drive system with two different
ratings, is experimentally validated hereafter with a scaled-
down LV prototype. The experimental setup consists of a

TABLE III: LV drive system: Parameters of the experimental setup

Parameter Symbol SI value
Rated line-to-line voltage VR 400V
Rated stator current I R 4:4 A
Rated angular stator frequency ! R 2� 50 rad/s
Dc-link voltage Vdc 650V
Total leakage inductance L � 21mH

three-level NPC SKiiP28MLI07E3V1 SEMIKRON converter
and a squirrel-cage IM. The system parameters are summa-
rized in Table III. A dSPACE SCALEXIO system with a
2.8 GHz Intel i7-6820EQ processor and a Xilinx Kintex-7
�eld-programmable gate array (FPGA) serves as the control
platform. The computed OPPs ford = 5 are stored in lookup
tables (LUTs), whose entries contain the optimal switching
angles as a function of the modulation index. For QaHWS
OPPs, the LUT has dimensions256� d, while for HWS OPPs,
the LUT has dimensions256� 2d. The LUTs are held in the
processor of the dSPACE system and retrieved by the FPGA,
which generates the switching signals. The performance of
the developed OPPs is assessed in a closed-loop setting using
conventional scalar control.

To provide the necessary insight while keeping the assess-
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Fig. 13: Experimental results: LV drive steady-state performance atm = 0 :72
using QaHWS OPPs withd = 5 .
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Fig. 14: Current spectrum atm = 0 :72 for QaHWS OPPs withd = 5 :
Numerical (I TDD = 11 :86%) and experimental (I TDD = 13 :23%).
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Fig. 15: Torque spectrum atm = 0 :72 for QaHWS OPPs withd = 5 :
Numerical (TTDD = 14 :27%) and experimental (TTDD = 16 :36%).

ment concise, only the proposed HWS–T OPPs withd = 5 are
considered. Their steady-state performance is compared tothat
of conventional QaHWS OPPs at rated torque for two different
operating points, namelym = 0 :72 andm = 1 , with the latter
corresponding to the nominal modulation index. Figs. 13 to 18
relate to the �rst operating point, while Figs. 19 to 24 to the
second. Since the HWS–T OPPs are computed for a speci�c
total leakage inductance and its p.u. value in the experimental
setup is roughly half of the one used in Section IV, the torque-
constrained OPPs were re-computed to match the prototype
machine.
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Fig. 16: Experimental results: LV drive steady-state performance atm = 0 :72
using HWS–T OPPs withd = 5 .
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Fig. 17: Current spectrum atm = 0 :72 for HWS–T OPPs withd = 5 :
Numerical (I TDD = 13 :13%) and experimental (I TDD = 13 :87%).
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Fig. 18: Torque spectrum atm = 0 :72 for HWS–T OPPs withd = 5 :
Numerical (TTDD = 9 :90%) and experimental (TTDD = 11 :66%).

Starting from the �rst considered operating point, i.e.,
m = 0 :72, the relevant experimental waveforms of QaHWS
OPPs and the proposed HWS–T OPPs are presented in
Figs. 13 and 16, respectively. Focusing on HWS–T OPPs,
Fig. 17 shows that the experimentally acquired current har-
monic spectrum closely matches the numerical one. Never-
theless, as second-order effects—such as deadtimes, measure-
ment noise, common-mode current paths, machine parame-
ter variations—exist in the experimental environment, some
differences emerge in the spectrum of the experimentally
measured current. These manifest themselves as additional
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Fig. 19: Experimental results: LV drive steady-state performance atm = 1
using QaHWS OPPs withd = 5 .
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Fig. 20: Current spectrum atm = 1 for QaHWS OPPs withd = 5 : Numerical
(I TDD = 10 :00%) and experimental (I TDD = 11 :94%).
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Fig. 21: Torque spectrum atm = 1 for QaHWS OPPs withd = 5 : Numerical
(TTDD = 13 :66%) and experimental (TTDD = 16 :60%).

low-order harmonics, albeit of low amplitude.3

In addition, minor mismatches between the three-phase
currents generate low-order torque harmonics. For example,
a difference in the fundamental components of the phase
currents produces a small2nd-order torque harmonic, as can
be observed in Fig. 18. Similarly, the5th and 7th current
harmonics are not exactly equal (see Fig. 17), preventing
complete elimination of the6th torque harmonic. Nevertheless,

3It is noteworthy that the stator resistance of LV machines cannot be
considered negligible. This also causes slight discrepancies between the
theoretical and actual amplitudes of the current harmonics.
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Fig. 22: Experimental results: LV drive steady-state performance atm = 1
using HWS–T OPPs withd = 5 .
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these effects are minor, and the resulting6th torque harmonic
amplitude is very low and signi�cantly below that observed
with conventional QaHWS OPPs, see Fig. 15.

Overall, despite the above-mentioned inevitable nonideali-
ties of the real-world setting, the differences between theex-
perimental and numerical current and torque harmonic spectra
remain minimal. The proposed HWS–T OPPs effectively sup-
press the6th and 12th torque harmonics without signi�cantly
compromising the stator current quality, compare Figs. 14
and 17. At the same time, at this speci�c modulation index,
HWS–T OPPs also reduce the torque ripple, lowering the



torque TDD from16:36% to 11:66%. This improvement is
further visible in the time-domain waveforms of Figs. 13(c)
and 16(c), corresponding to QaHWS and HWS–T OPPs,
respectively.

Similar observations hold at the nominal modulation index
m = 1 . At this operating point, the6th and 12th torque
harmonics of the conventional QaHWS OPPs are relatively
small, with the dominant torque harmonic being the24th, see
Fig. 21. Nonetheless, HWS–T OPPs successfully eliminate the
low-order torque harmonics without affecting the current TDD,
compare Figs. 20 and 23. As anticipated, the torque TDD
of HWS–T OPPs is also slightly reduced compared to the
conventional QaHWS OPPs, from16:60%to 16:56%. Finally,
it is worth noting that the time-domain stator voltage of HWS–
T OPPs closely resembles that of QaHWS OPP, see Figs. 22(a)
and 19(a), respectively. Yet, relaxing the symmetry from
QaHWS to HWS provides additional degrees of freedom to the
optimization problem, enabling torque ripple reduction while
keeping the current harmonic distortions low, as con�rmed by
the presented experimental results.

VI. CONCLUSIONS

This paper presented the computation of torque-constrained
OPPs, where the—harmful to the machine—low-order torque
harmonics are suppressed over the widest physically possible
range of modulation indices by directly constraining them in
the OPP optimization problem. At high modulation indices,
where complete elimination is not feasible, these harmonics
are minimized as much as possible. Moreover, as mathemat-
ically shown, relaxing arti�cial symmetry restrictions inthe
OPPs provides additional degrees of freedom, enabling the
suppression of low-order torque harmonics without signi�-
cantly compromising the current and torque TDD over a broad
range of operating points. The proposed optimal modulation
method was validated numerically on an MV drive with
two different ratings as well as experimentally on a scaled-
down LV prototype. As demonstrated, despite the second-order
effects inherent in a real-world setting, the proposed OPPs
maintained high current and torque quality while effectively
eliminating the targeted low-order torque harmonics over a
broad range of modulation indices and load conditions.

APPENDIX

When QaHWS is assumed, thean Fourier coef�cients are
zero. As a result, (12) can be simpli�ed to

Te;n =
Vdc
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Therefore, the elimination of thenth torque harmonic requires
that the following conditions be satis�ed
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These conditions result in
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=
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which implies that

i n � 1 = i n +1 = 0 :

Assuming HWS,Te;n = 0 is achieved provided the follow-
ing conditions are met
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Expression (24) forms a system of two equations with four
unknowns. Therefore,an � 1 and bn � 1 can be expressed in
terms ofan +1 andbn +1 as
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Based on the above, the following relationships must hold
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Condition (26a) implies that

î n � 1 = î n +1 ;

while condition (26b) implies that
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